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THE CIRCLE QUANTUM GROUP AND THE INFINITE ROOT STACK OF A CURVE
FRANCESCO SALA AND OLIVIER SCHIFFMANN
Appendix B by Tatsuki Kuwagaki
ABSTRACT. In the present paper, we give a definition of the quantum group Uυ(sl(S1)) of the cir-
cle S1 := R/Z, and its fundamental representation. Such a definition is motivated by a realiza-
tion of a quantum group Uυ(sl(S1Q)) associated to the rational circle S
1
Q
:= Q/Z as a direct limit
of Uυ(ŝl(n))’s, where the order is given by divisibility of positive integers. The quantum group
Uυ(sl(S1Q)) arises as a subalgebra of the Hall algebra of coherent sheaves on the infinite root stack
X∞ over a fixed smooth projective curve X defined over a finite field. Via this Hall algebra approach,
we are able to realize geometrically the fundamental and the tensor representations, and a family of
symmetric tensor representations, depending on the genus gX , of Uυ(sl(S
1
Q)). Moreover, we show
that Uυ(ŝl(+∞)) and Uυ(ŝl(∞)) are subalgebras of Uυ(sl(S1Q)). As proved by T. Kuwagaki in the
appendix, the quantum group Uυ(sl(S1)) naturally arises as well in the mirror dual picture, as a Hall
algebra of constructible sheaves on the circle S1.
Once you want to free your mind about
a concept of harmony and music being correct,
you can do whatever you want.
Giorgio Moroder
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1. INTRODUCTION
The present paper is the first of a series aimed at studying the Hall algebra of the category of
coherent sheaves on the infinite root stack X∞ over a fixed smooth projective curve X defined
over a finite field Fq.
To make this introduction more accessible, we will start by defining algebraically the resulting
Hopf algebrasUυ(sl(S1)) andUυ(sl(S1Q)) associated, respectively, with the circle S
1 := R/Z and
the rational circle S1
Q
:= Q/Z. There are similar Hopf algebras associated to R and Q. We will
motivate our definitions by showing that Uυ(sl(S1Q)) is also obtained as a certain direct limit of
Uυ(ŝl(n)). In addition, we will introduce the fundamental representations of these algebras.
The discussion of the choice of such a limit, as that of the construction of a family of symmetric
tensor representations of Uυ(sl(S1Q)), is postponed to the second part of the introduction, where
we will show that the algebraic constructions stem naturally from the study of the Hall algebra
of coherent sheaves on the infinite root stack.
1.1. Definition of Uυ(sl(S1)). Let us introduce some notation. We call interval of S1 a half-open
interval J = [a, b[⊆ S1. We say that an interval J is rational if J ⊆ S1
Q
. We say that an interval J
(resp. rational interval J) is strict if J 6= S1 (resp. J 6= S1
Q
). For an interval J, we denote by χJ its
Uυ(sl(S1)) AND THE INFINITE ROOT STACK OF A CURVE 3
characteristic function and for two characteristic functions f , g, we define
〈 f , g〉 := ∑
x
f−(x)(g−(x)− g+(x)) , (1.1)
where we have set h±(x) := limt→0,t>0 h(x ± t), and ( f , g) := 〈 f , g〉+ 〈g, f 〉. Finally, let Q˜ :=
Q[υ, υ−1]/(υ2 − q).
Definition 1.1. Uυ(sl(S1)) is the topological Q˜-Hopf algebra generated by elements EJ , FJ,K
±1
J′ ,
where J (resp. J′) runs over all strict intervals (resp. intervals), modulo the following set of rela-
tions:
• Drinfeld-Jimbo relations:
– for any intervals I, I1, I2 and strict interval J,
[KI1 ,KI2 ] = 0 ,
KI EJ K
−1
I = υ
(χI ,χ J) EJ ,
KI FJ K
−1
I = υ
−(χI ,χ J) FJ ;
– if J1, J2 are strict intervals such that J1 ∩ J2 = ∅,
[EJ1 , FJ2 ] = 0 ;
– for any strict interval J,
[EJ, FJ ] =
KJ − K−1J
υ− υ−1 ;
• join relations:
– if J1, J2 are strict intervals of the form J1 = [a, b[ and J2 = [b, c[ such that J1 ∪ J2 is
again a interval,
KJ1 KJ2 = KJ1∪J2 ;
– if J1, J2 are strict intervals of the form J1 = [a, b[ and J2 = [b, c[ such that J1 ∪ J2 is
again a strict interval,
EJ1∪J2 = υ
1/2 EJ1 EJ2 − υ−1/2 EJ2 EJ1 ,
FJ1∪J2 = υ
−1/2 FJ2 FJ1 − υ1/2 FJ1 FJ2 ;
• nest relations:
– if J1, J2 are strict intervals such that J1 ∩ J2 = ∅,
[EJ1 , EJ2 ] = 0 and [FJ1 , FJ2 ] = 0 ;
– if J1, J2 are strict intervals such that J1 ⊆ J2,
υ〈χ J1 ,χ J2〉 EJ1 EJ2 = υ
〈χ J2 ,χ J1〉 EJ2 EJ1 ,
υ〈χ J1 ,χ J2〉 FJ1 FJ2 = υ
〈χ J2 ,χ J1〉 FJ2 FJ1 .
The coproduct is:
∆˜(KJ) = KJ ⊗ KJ ,
∆˜(E[a, b[) = E[a, b[⊗ 1+ ∑
a<c<b
υ−1/2 (υ− υ−1) E[a, c[ K[c, b[⊗ E[c, b[ + K[a, b[ ⊗ E[a, b[ ,
∆˜(F[a, b[) = 1⊗ F[a, b[− ∑
a<c<b
υ−1/2 (υ− υ−1) F[c, b[⊗ F[a, c[ K−1[c, b[ + F[a, b[⊗ K−1[a, b[ .
(1.2)
Here the sums on the right-hand-side run over all possible real values c ∈ [a, b[. ⊘
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The quantum groupUυ(sl(S1)) has some interesting unusual features; for example it is neither
Noetherian nor finitely generated, but it is a quadratic algebra, i.e. the usual Serre relations are
not present. In addition, there is no notion of a simple root space. The formulas for the coproduct
involve some wildly infinite (uncountable) sums hence take values in some very large product
space; nevertheless Uυ(sl(S1)) is a Hopf algebra in this topological sense, see Section 6.1 for the
case of Uυ(sl(S1Q)).
Definition 1.2. Uυ(sl(S1Q)) is the subalgebra of Uυ(sl(S
1)) generated by elements EJ, FJ ,K
±
J′ such
that J (resp. J′) is a strict rational interval (resp. rational interval). It is a topological Hopf algebra
if we define the coproduct by the same formula as (1.2) in which c is in addition required to
belong to Q. ⊘
Now, let us motivate algebraically the above definitions. A reasonable way to define a quan-
tum group whose Dynkin diagram would be the circle is as a limit. More precisely, we approxi-
mate the circle by the cyclic quiver A
(1)
n−1 with n vertices andwe consider the quantum enveloping
algebra Uυ(ŝl(n)) of the Kac-Moody Lie algebra
1 of type A
(1)
n−1. Then, we decide a way to make
the approximation more and more fine, passing from n vertices to m vertices, with m > n. This
corresponds to considering embeddings Uυ(ŝl(n)) → Uυ(ŝl(m)): by letting n tend to infinity, one
gets the quantum group of the circle as a limit (with respect to the directed system given by these
embeddings). In the past, similar direct limits were also considered, but rather for the real line
instead of the circle. For instance, we may increase by one the number of vertices at each step
of the approximation, by inserting one extra vertex (on the right) to the underlying finite quiver
An−1 of A
(1)
n−1, thereby obtaining Uυ(ŝl(+∞)). Alternatively, we may increase by two the number
of vertices at each step by adding two vertices (one on the left, one on the right) to An−1, thereby
obtaining Uυ(ŝl(∞)) (see [Her11] for a different definition of Uυ(ŝl(∞))).
In this paper, at each step of the approximation, we pass from n vertices to kn vertices, by
“subdividing” any vertex into k vertices. More precisely, we consider a directed system(
Uυ(ŝl(n)),Ωkn,n : Uυ(ŝl(n))→ Uυ(ŝl(kn))
)
,
where the directed set is the positive integers with the order given by divisibility, and the def-
inition of Ωkn,n is given in Theorem 1.4 below. We stress here that the direct systems giving
Uυ(ŝl(+∞)) and Uυ(ŝl(∞)) are direct systems of Hopf algebras while Ωkn,n is only a morphism
of algebras and not of coalgebras.
Theorem 1.3. The algebra Uυ(sl(S1Q)) is isomorphic to the direct limit of algebras
lim→
n
Uυ(ŝl(n))
where the order is given by divisibility of positive integers. Both Uυ(ŝl(+∞)) and Uυ(ŝl(∞)) are subal-
gebras of Uυ(sl(S1Q)).
The existence and definition of the coproduct of Uυ(sl(S1Q)) and Uυ(sl(S
1)) is best seen from
the Hall algebra picture, which we explain in the next section. We conclude this part of the
introduction by defining the fundamental representations of both algebras. The fundamental rep-
resentation of Uυ(sl(S1)) is the Q˜-vector space
VS1 :=
⊕
y∈R
Q˜~uy ,
with the action given by
F[a,b[ •~uy =δ{b+y},0 υ1/2 ~uy+b−a ,
1To be precise, here we are considering the quantum enveloping algebra of the derived algebra of ŝl(n). Such a quantum
group is the correct one to consider from the point of view ofHall algebras. See for example [Sch12, Section 3.3] for details.
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E[a,b[ •~uy =δ{a+y},0 υ−1/2 ~uy+a−b ,
K±
[a′,b′ [ •~uy =υ
±(δ{b′+y},0−δ{a′+y},0) ~uy ,
for intervals [a, b[, [a′, b′[⊆ S1, with [a, b[ strict, and y ∈ Q. Similarly, the fundamental representation
of Uυ(sl(S1Q)) is as a Q˜-vector space
VS1
Q
:=
⊕
y∈Q
Q˜~uy ⊂ VS1
and the Uυ(sl(S1Q))-action is induced by the above one.
Definition of Uυ(sl(R)). Replacing the circle R/Z by R, we can define in an entirely similar fash-
ion a quantum group Uυ(sl(R)). The generators EI , FI ,K
±1
I are now indexed by half-open inter-
vals I = [a, b[ in R, but all relations remain the same as in Definition 1.1. The quantum group
Uυ(sl(Q)) is the subalgebra of Uυ(sl(R)) generated by elements associated to rational intervals
[a, b[⊂ Q; it is a topological Hopf algebra by defining the coproduct by the same formula as (1.2)
in which c is in addition required to belong to Q.
Similarly, one can define the quantum group Uυ(sl(Z)) generated by elements associated to
integral intervals [a, b[⊂ Z. It is easy to see that this quantum group coincides with the quantum
enveloping algebra Uυ(sl(∞)) of the Lie algebra sl(∞).
Fock spaces. In [SS18] we provide an algebraic construction of the Fock space FK for Uυ(sl(K)),
for K ∈ {Z,Q,R}, as the vector space generated by K-pyramids. For K = Z this construc-
tion coincides with the action of Uυ(sl(∞)) on the usual Fock space generated by partitions,
since Uυ(sl(∞)) ≃ Uυ(sl(Z)) and partitions correspond to Z-pyramids. In addition, by using
the “folding procedure” of Hayashi [Hay90] and Misha-Miwa [MM90] we obtain an action of
Uυ(sl(S1K)) on FK for K ∈ {Q,R}.
1.2. Uυ(sl(S1Q)) and Hall algebras.
Hall algebras. The study of Hall algebras associated to quivers goes back to the foundational
work of Ringel [Rin90] and Green [Gre95], who in particular proved that Hall algebra of the
category of representations over some finite field Fq of a quiver Q contains the Drinfeld-Jimbo
quantum group U+υ (gQ) of the Kac-Moody algebra gQ associated to Q. Here υ = √q. The
study of Hall algebras of (smooth, projective) curves was later initiated by Kapranov [Kap97],
who in particular showed that these were related to quantum loop algebras. For instance, the
Hall algebra of the category of coherent sheaves over P1 contains Drinfeld’s new realization of
the quantized enveloping algebra U+υ (ŝl(2)). On the other hand, the Hall algebra of coherent
sheaves on a elliptic curve over a finite field realizes a positive part of the quantum toroidal
algebra of type gl(1) as exploited by Burban and the second-named author in [BS12].
Another important family of Hall algebras consists of those associated with the categories of
coherent sheaves on weighted projective lines, introduced by [GL87]. For instance, weighted
projective lines of tame and tubular type provide quantized enveloping algebras of affine or
toroidal algebras (in the latter case, of type D and E) — see [Sch04, BS13].
Root stacks. Weighted projective lines are examples of root stacks over P1. Root stacks were intro-
duced independently by [Cad07] and [AGV08] in great generality. The study of the Hall algebra
associated with the abelian category of coherent sheaves on a root stack over a curve has been
initiated by [Lin14]2, where in particular a shuffle presentation was obtained.
In this paper we fix a smooth projective curve X defined over a finite field Fq. We consider
the n-th root stacks Xn obtained from the original curve X by— roughly speaking— “replacing”
2[Lin14] deals with the so-called sphericalHall algebras of abelian categories of parabolic coherent sheaves on a curve.
As proved by [BV12], such an abelian category is equivalent to that of a root stack over the curve.
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a fixed rational point p by the trivial gerbes pn := Bµn for any positive integer n. The Serre
subcategory Torpn(Xn) of torsion sheaves on Xn set-theoretically supported at pn is isomorphic to
the category Repnilk (A
(1)
n−1) of nilpotent representation of the cyclic quiver A
(1)
n−1 with n vertices.
Hence, by the result of Ringel and Green mentioned before, U+υ
(
ŝl(n)
)
is a subalgebra of the
Hall algebra Htor,twn,pn of Torpn(Xn). The Hall multiplication between torsion sheaves and vector
bundles yields an action ofUυ(ŝl(n)) on the Hall subalgebraU>n of the category of vector bundles
on Xn (the action by Hecke operators). By construction, the action of Uυ(ŝl(n)) on U>n preserves
the graded subspacesU>n [r], corresponding to vector bundles on Xn of fixed rank r. In particular,
U>n [1] is identified with the standard representation ofUυ(ŝl(n)) (in the spaceC
n[x±1]) andU>n [r]
is a certain quotient of the tensor representation U>n [1]
⊗̂ r. Such a representation depends on the
genus gX of X and we call the r-th symmetric tensor representation of Uυ(ŝl(n)).
For any positive integers n, k, we have morphisms πkn,n : Xkn → Xn, which form an inverse
system. Now, let n tend to infinity. More precisely, consider the inverse limit of the Xn’s with
respect to divisibility of positive integers: the resulting stack is the infinite root stack X∞, intro-
duced by Talpo and Vistoli [TV14]. Again, intuitively, one can imagine that X∞ is obtained from
X by “replacing” a fixed rational point p by the trivial gerbe p∞ := Bµ∞. The abelian category
Coh(X∞) of coherent sheaves on X∞ is equivalent to the direct limit of categories Coh(Xn) with
respect to the fully faithful functors π∗kn,n. Thanks to this, Coh(X∞) exhibits some interesting new
features; for instance, we can associate with any coherent sheaf on X∞ a rank and a degree, which
is a linear combination of characteristic functions of intervals in S1
Q
. In particular, line bundles
on X∞ have rational degrees. Moreover, it is worth mentioning that Coh(X∞) is equivalent to the
category of parabolic sheaves with rational weights.
Let Torp∞(X∞) be the category of torsion sheaves on X∞ set-theoretically supported at p∞.
Such a category is obtained as a direct limit of Torpn(Xn) with respect to the functors π
∗
kn,n.
Thanks to this realization, one can show that any torsion sheaf in Torp∞(X∞) decomposes as a
direct sum of torsion sheaves naturally associated with rational intervals of S1
Q
, and the Euler
form restricted to the Grothendieck group of Torp∞(X∞) coincides exactly with (1.1).
In addition, for any k, n the functors πkn,n give rise to algebra embeddings Ωkn,n : H
tor,tw
n,pn →
Htor,twkn,pkn
, which induce a directed system. The limit of such a directed system is isomorphic (as an
algebra) to the Hall algebraHtor,tw∞,p∞ of the category Torp∞(X∞).
Theorem 1.4. The embeddings Ωkn,n restricts to embeddings
Ωkn,n
∣∣
U+υ (ŝl(n))
: U+υ
(
ŝl(n))
)→ U+υ (ŝl(kn)) .
These embeddings induce a directed system whose limit, denoted C∞, is canonically identified with a
topological sub Q˜-Hopf algebra of Htor,tw∞,p∞ . Moreover C∞ is isomorphic U
+
υ (sl(S
1
Q
)).
The Hopf algebra C∞ is endowed with a non degenerate Hopf pairing (the Green pairing); the
reduced Drinfeld double of C∞ is isomorphic to the whole Uυ(sl(S1Q)), as topological Q˜-Hopf
algebras.
As before, the Hall multiplication between torsion sheaves and vector bundles yields an action
of Uυ(sl(S1Q)) on the (spherical) Hall subalgebra U
>
∞ of the category of vector bundles on X∞. We
have the following.
Theorem 1.5. As a Uυ(sl(S1Q))-module, U
>
∞[1] is isomorphic to VS1
Q
. Moreover, the (surjective) multi-
plication map U>∞[1]
⊗ r → U>∞[r] is a Uυ(sl(S1Q))-intertwiner.
Wemay identify VS1
Q
with C[x±11 ]⊗V∞, whereV∞ is an infinite-dimensional vector spacewith
basis {~vx | x ∈ S1Q}, via the assignment ~uy 7→ x⌊y⌋~v{y}. Using this identification, we realize the
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above multiplication map explicitly as an appropriate shuffle product
V⊗ r → V⊗̂ r ≃ C[x±11 , . . . , x±1r ][[x1/x2, . . . , xr−1/xr ]]⊗V⊗ r∞ ,
whose kernel involves the zeta function of X as a main ingredient. We call the representation of
Uυ(sl(S1Q)) on U
>
∞[r] the r-th symmetric tensor representation of genus gX .
Some remarks concerning Uυ(gl(S1Q)). As proved by the second-named author [Sch02], for any
positive integer n, the whole Htor,twn,pn is isomorphic to the positive part of Uυ(ĝl(n)), where the
positive part of the quantum Heisenberg algebra corresponds to the center ofHtor,twn,pn . In the limit
n → ∞ this quantum Heisenberg algebra still exists, but it does not lie in the center anymore.
Indeed, as shown in Proposition 6.5, Htor,tw∞,p∞ fails to have a center. As an attempt to recover a
center, we introduce in Section 6.2.2 a metric completion of Htw,tor∞,p∞ . This can be interpreted as a
first step towards the definition of Uυ(gl(S1Q)).
Higher genus Fock spaces. As we will show in a sequel to this paper, when X = P1 the representa-
tions U>n [r] themselves admit a stable limit as r tends to infinity, which is isomorphic to the level
one Fock space of Uυ(ŝl(n)), as studied in [KMS95]; the extension of this procedure to arbitrary
curves and to the stable limit as n tends to infinity thus produces a family of “higher genus”
Fock spaces for Uυ(ŝl(n)) and Uυ(sl(S1Q)). In the genus zero case, we expect to compare such a
construction with the algebraic construction of the Fock space given in [SS18].
1.3. Geometric realization of Uυ(sl(S1)). As shown before, one of the advantages of using the
Hall algebra of the stacky curve X∞ to define Uυ(sl(S1Q)) is the construction of its r-symmetric
representations of genus gX. We would like to construct such representations (and eventually
Fock spaces) depending on gX also for Uυ(sl(S
1)). This leads to the problem of studying the
Hall algebra of the abelian category of parabolic sheaves on a curve X with real weights. We
expect to solve this issue by using the results of this paper together with a real-to-rationalweights
approximation procedure a` la Mehta–Seshadri [MS80]3. We shall return in the future to this
question.
A direct construction of the algebra Uυ(sl(S1)) by using the mirror symmetry for P1n and con-
structible sheaves on S1, due to T. Kuwagaki, is presented in the appendix B. It would be interest-
ing to extend such a construction to higher genus curves, to get a realization of the r-symmetric
representations of genus gX via mirror symmetry of Xn.
Contents of the paper. This paper is organised as follows. In Section 2 we recall the theory of
root stacks and coherent sheaves over them. In Section 3, we restrict ourselves to root stacks over
a smooth projective curve X: we provide a characterization of the category of coherent sheaves
and its (numerical) Grothendieck group. Section 4 is devoted to the study of the Hall algebra
of Xn, in particular its Hecke algebra and its spherical subalgebra: part of the results overlaps
those in [Lin14]. In Section 5 we compare Hall algebras of Xn for different n’s. In Section 6, we
study in the detail the Hall algebra of X∞, its Hecke algebra and spherical subalgebra: we define
Uυ(sl(S1Q)) and its representations, and a metric completion of H
tor,tw
∞,p∞ . Finally, in Section 7, we
compare our algebras with Uυ(ŝl(+∞)) and Uυ(ŝl(∞)). We finish the paper with an appendix in
which for completeness we reprove some of the results in [Lin14] used in the main body of the
paper. The last appendix, due to T. Kuwagaki, is devoted to a geometric realization ofUυ(sl(S1)).
3We thank Mattia Talpo for suggesting such an approach.
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Notations and Convention. Let k be a field. Schemes and stacks will always be over k. Our
main reference for the theory of stacks is [LMB00]. A morphism of stacks is representable if the
base change of an algebraic space is an algebraic space. An algebraic stack is a stack (in groupoids)
with a “smooth presentation” (i.e., a representable smooth epimorphism from an algebraic space)
and representable quasi-compact and separated diagonal. An algebraic stack is Deligne-Mumford
if it has a presentation which is moreover e´tale. We always assume that our algebraic stack are of
finite type over k.
We say that an algebraic stack X has finite inertia if the natural morphism from the inertia stack
I(X) → X is finite. If X has finite inertia, by [KM97] it admits a coarse moduli space π : X → X,
which is an algebraic space; moreover π is a proper morphism and π∗OX = OX. We say that X
is tame if π∗ : QCoh(X) → QCoh(X) is an exact functor. In this case, π is cohomologically affine
and therefore π is a good moduli space morphism in the sense of Alper [Alp13]. In particular, for
any quasi-coherent sheaf F on X the adjunction morphism F → π∗π∗F is an isomorphism and
hence the projection formula holds for π.
Since we will work with coherent sheaves on Noetherian algebraic stacks, we use the notions
of support of a coherent sheaf, purity and torsion filtration defined in [Lie07, Section 2.2.6.3]. We
shall call a zero-dimensional coherent sheaf a torsion sheaf and a pure coherent sheaf of maximal
dimension a torsion-free sheaf. We use the letters E ,F ,G, . . . , for sheaves on a algebraic stack, and
the letters E, F,G, . . . , for sheaves on a scheme.
We shall use the following group schemes:
µr = µr(k) := {a ∈ k | ar = 1} and Gm = Gm(k) := {a ∈ k | a is a unit} .
We will fix a finite field Fq with q elements. Set Q˜ = Q[υ, υ−1]/(υ2 − q), and for any integer d,
define [d]υ := (υd − υ−d)/(υ− υ−1).
Finally, fix a positive integer n. Given an integer d, we define
n⌊d⌋ :=
⌊
d
n
⌋
and n{d} := n
{
d
n
}
.
2. ROOT STACKS
We shall give a brief survey of the theory of root stacks over algebraic stacks as presented in
[Cad07] (see also [AGV08, Appendix B], [BC10, Section 2.1], and [FMN10, Section 1.3]). We will
give also an overview of the relation between quasi-coherent sheaves on root stacks (resp. the
infinite root stack) and parabolic sheaves (resp. with parabolic sheaves with rational weights)
following [Bor07, BV12, TV14, Tal17] (see also [Tal15]).
2.1. Preliminaries. Let X be an algebraic stack. Recall that there is an equivalence of categories
between the category of line bundles on X and the category of morphisms X→ BGm, where the
morphisms in the former category are taken to be isomorphisms of line bundles. There is also an
equivalence between the category of pairs (L, s), with L a line bundle on X and s a global section
of L, and the category of morphisms X → [A1/Gm], where Gm acts on A1 by multiplication
[Ols03, Example 5.13].
Throughout this section, X will be an algebraic stack, L a line bundle on X, s a global section
of L, and n a positive integer. The pair (L, s) defines a morphism X → [A1/Gm] as above. Let
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θn : [A1/Gm]→ [A1/Gm] be the morphism of stacks, induced by the morphisms
x ∈ A1 7−→ xn ∈ A1 and t ∈ Gm 7−→ tn ∈ Gm ,
which sends a pair (L, s) to its n-th tensor power (L⊗ n, s⊗ n).
Definition 2.1. Let n
√
(L, s)/X be the algebraic stack obtained as the fibre product
n
√
(L, s)/X [A1/Gm]

X [A1/Gm]
.πn θn
We say that n
√
(L, s)/X is the root stack obtained from X by the n-th root construction. ⊘
Remark 2.2. By [Cad07, Example 2.4.2], if s is a nowhere vanishing section then n
√
(L, s)/X ≃ X.
This shows that all of the “new” stacky structure in n
√
(L, s)/X is concentrated at the zero locus
of s. △
Definition 2.3. Let n
√L/X be the algebraic stack obtained as the fibre product
n
√L/X BGm

X BGm
,ρn
where X → BGm is determined by L and BGm → BGm is given by the map t ∈ Gm 7→ tn ∈ Gm.
⊘
By construction, the morphism n
√
(L, s)/X → [A1/Gm] corresponds to a line bundle Ln on
n
√
(L, s)/Xwith a global section sn. Moreover, there is an isomorphism L⊗ nn ≃ π∗nLwhich sends
s⊗ nn to π∗ns. Similarly, the morphism
n
√L/X → BGm corresponds to a line bundle Ln on n
√L/X
such that L⊗ nn ≃ π∗nL.
Remark 2.4. As described in [Cad07, Example 2.4.3], n
√L/X is a closed substack of n√(L, 0)/X. In
general, let D be (reduced) the vanishing locus of s ∈ Γ(X,L). One has a chain of inclusions of
closed substacks
n
√
L|D/D ⊂ n
√
(L|D, 0)/D ⊂ n
√
(L, s)/X .
In addition, n
√
L|D/D is isomorphic to the reduced stack
(
n
√
(L|D, 0)/D
)
red
. So, n
√
L|D/D is an
effective Cartier divisor of n
√
(L, s)/X. △
Locally, n
√L/X is a quotient of X by a trivial action of µn, though this is not true globally.
In general, n
√L/X is a µn-gerbe over X. Its cohomology class in the e´tale cohomology group
H2(X; µn) is obtained from the class [L] ∈ H1(X;Gm) via the boundary homomorphism δ :
H1(X;Gm)→ H2(X; µn) given by the Kummer exact sequence
1 −→ µn −→ Gm (−)
n
−−→ Gm −→ 1 .
Since the class δ([L]) has trivial image in H2(X;Gm), the gerbe n
√L/X is called essentially trivial
[Lie07, Definition 2.3.4.1 and Lemma 2.3.4.2]. The gerbe is trivial if and only if L has a n-th root
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in Pic(X). More generally, the gerbe n
√L/X is isomorphic, as a µn-banded gerbe, to n
√L′/X if
and only if [L] = [L′] in Pic(X)/nPic(X).
In the following we state some of the results proved in [Cad07, Sections 2 and 3] and in [BV12,
Section 4] (see also [BLS16, Proposition 3.3]).
Proposition 2.5. The root constructions described in Definitions 2.1 and 2.3 have the following properties:
• The projections πn : n
√
(L, s)/X → X and πn : n
√L/X → X are faithfully flat and quasi-
compact.
• The pushforwards (πn)∗ : QCoh( n
√
(L, s)/X) → QCoh(X) and (ρn)∗ : QCoh( n
√L/X) →
QCoh(X) are exact; n
√
(L, s)/X and n√L/X are tame provided that the same holds for X.
• If X is an algebraic space, then it is a coarse moduli space for both n√(L, s)/X and n√L/X under
the projections to X. More generally, if X is an algebraic stack having a coarse moduli space
X→ X, then the compositions n√(L, s)/X→ X→ X and n√L/X→ X→ X are coarse moduli
spaces for n
√
(L, s)/X and n√L/X respectively.
• If X is a Deligne-Mumford stack and n is coprime with the characteristic of k, then n√(L, s)/X
and n
√L/X are also Deligne-Mumford stacks.
Theorem 2.6 ([Cad07, Theorem 3.1.1 and Corollary 3.1.2]). Let us assume that the zero locus of s is
nonempty and connected. Then any line bundle F on n√(L, s)/X is of the form
F ≃ π∗nM⊗L⊗ kn ,
whereM is a line bundle on X and 0 ≤ k ≤ n− 1 an integer. Moreover s is unique andM is unique up
to isomorphism. Furthermore,
(πn)∗
(
π∗nM⊗L⊗ kn
) ≃M⊗L⊗ n⌊k⌋ .
We have the following morphism of short exact sequences (cf. [FMN10, Formulas (3) and (4)])
0 Z Z Zn 0
0 Pic(X) Pic( n
√
(L, s)/X) Zn 0
·n
π∗n q
(2.1)
where the first and the second vertical morphisms are defined by 1 7→ L and 1 7→ Ln. Here q is
the map which associate with a line bundle of the form π∗nM⊗L⊗ kn the remainder k.
Remark 2.7. Note that any line bundle F on n√L/X is of the form
F ≃ π∗nM⊗L⊗ kn ,
where M is a line bundle on X and 0 ≤ k ≤ n− 1 an integer. Moreover k is unique and M is
unique up to isomorphism. A diagram similar to (2.1) holds for n
√L/X. △
Definition 2.8. Let X be a smooth algebraic stack, D ⊂ X an effective Cartier divisor and n a
positive integer. We denote by n
√
D/X the root stack n
√
(OX(D), s)/X, where s is the canonical
section of OX(D), i.e., it is the image of 1 with respect to the natural morphism OX → OX(D). ⊘
The morphism n
√
D/X → [A1/Gm] corresponds to an effective divisor Dn, i.e., the reduced
closed substack π−1n (D)red, where πn :
n
√
D/X → X is the natural projection morphism. More-
over
O n√
D/X(nDn) ≃ π∗nOX(D) .
Let X and D be smooth. By [BLS16, Proposition 3.9], n
√
D/X and Dn are smooth; Dn is the root
stack n
√OX(D)|D/D and hence is a µn-gerbe overD.
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2.2. Root stacks and logarithmic schemes. Let X be a scheme over k. Denote by Div(X) the
category whose objects are pairs (L, s), consisting of a line bundle L on X and a global section s of
L. An arrow between (L, s) and (L′, s′) is an isomorphism of OX-modules from L to L′ carrying s
into s′. The category Div(X) also has a symmetric monoidal structure given by tensor products:
(L, s)⊗ (L′, s′) = (L⊗ L′, s⊗ s′). The neutral element is (OX, 1). Denote by Pic(X) the category
of line bundles on X, with symmetric monoidal structure given by tensor product. In contrast
with standard usage, the arrows in Pic(X) are arbitrary morphisms of OX-modules.
From now on, let X be a Noetherian scheme over k, D ⊂ X an effective Cartier divisor and
n a positive integer number. Moreover, let s be the global section of OX(D) given as image of 1
with respect to the natural morphism OX → OX(D). By using the pair (OX(D), s) and n we can
construct the n-th root stack n
√
D/X (cf. Definition 2.8). By using the same data, we can define a
logarithmic structure on X. The assignment
LD : N → Div(X) ,
1 7→ (OX(D), s)
is a symmetric monoidal functor from a monoid to a symmetric monoidal category [BV12, Defi-
nition 2.1]. Here, N is considered as a discrete symmetric monoidal category: the arrows are all
identities while the tensor product is the sum. By [BV12, Proposition 3.21] LD defines a canonical
Deligne-Faltings structure (AN, LD) on X (i.e., a logarithmic structure on X). Moreover, the inclusion
N → 1n N is a Kummer homomorphism [BV12, Definition 4.1], hence it defines a system of denom-
inators B 1
n N
/AN [BV12, Definition 4.3 and Remark 4.8]. In [BV12, Section 4] the authors define
the stack of roots X(B 1
n N
/AN) associated with (AN, B 1
n N
, LD); one has X(B 1
n N
/AN) ≃ n
√
D/X.
This alternative nature of n
√
D/X allows us to describe the abelian category QCoh( n
√
D/X ) by
means of parabolic sheaves on X associated with (AN, B 1
n N
, LD).
Let us introduce the categoryWt( 1nN) of weights associated with
1
n N: objects are elements of
1
n Z, and an arrow q : a → b is an element q ∈ 1n N such that a+ q = b. In the following, we will
consider X with its logarithmic structure induced by LD.
Definition 2.9. A parabolic sheaf on X with denominators in 1n N is a pair (E, ρ
E):
(a) a functor E : Wt( 1n N) → QCoh(X). We denote it by v 7→ Ev at the level of objects, a 7→ Ea
at the level of arrows.
(b) for any u ∈ Z and v ∈ 1n Z, an isomorphism of OX-modules
ρEu,v : Eu+v
∼−→ OX(u D)⊗OX Ev ,
which we will call pseudo-period isomorphism. Moreover, these data are required to satisfy
the conditions stated in [BV12, Definition 5.6].
⊘
We can describe a parabolic sheaf by the following diagram
0 1n
2
n
· · · n−1
n 1
E0 E 1n
E 2
n
· · · E n−1
n
E1 ≃ OX(D)⊗OX E0
Definition 2.10. A parabolic sheaf (E, ρE) on X is coherent if Ev is coherent for any v. ⊘
Parabolic sheaves form the abelian category Par(X,D, n) (cf. [BV12, Section 5]). Moreover,
those which are coherent form an abelian subcategory.
Theorem 2.11 ([BV12, Theorem 6.1] and [Tal17, Proposition 1.3.8]). There is a canonical tensor equiv-
alence Φ of abelian categories between the category QCoh( n
√
D/X ) of quasi-coherent sheaves on n
√
D/X
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and the category Par(X,D, n) of parabolic sheaves on X with denominators in 1n N. Moreover, the equiv-
alence restricts to a canonical tensor equivalence between the category Coh( n
√
D/X ) of coherent sheaves
on n
√
D/X and the category of parabolic coherent sheaves on X.
Remark 2.12. The equivalence Φ : QCoh( n
√
D/X ) → Par(X,D, n) is given by
Φ(F )v := (πn)∗
(F ⊗O n√D/X L⊗ vnn )
for v ∈ 1n Z. △
Definition 2.13. A coherent parabolic sheaf (E, ρE) on X is said to be pure of dimension d if Ev is
pure of dimension d for any v ∈ 1n Z. ⊘
Proposition 2.14 (see [Tal17, Proposition 3.1.14]). The equivalence Φ induces a canonical tensor equiv-
alence between pure coherent sheaves of dimension d on n
√
D/X and pure coherent parabolic sheaves on X
of dimension d.
Proposition 2.15 ([Tal17, Proposition 3.1.18]). Let (E, ρE) be a torsion free parabolic sheaf on X. Then
for any arrow a→ b inWt( 1n N) the corresponding morphism Ea → Eb is injective.
2.3. Infinite root stack. Let X be a Noetherian scheme over k and D ⊂ X an effective Cartier
divisor. For any two positive integers n,m with n|m, we have a morphism πm,n : m
√
D/X →
n
√
D/X.
Proposition 2.16 ([Tal17, Proposition 2.2.10]). Let n be a positive integer and let πm,n :
m
√
D/X →
n
√
D/X be the natural projection. Then
• the functor πm,n∗ : QCoh( m
√
D/X ) → QCoh( n√D/X ) is exact.
• πm,n∗O m√D/X ≃ O n√D/X.
• If F ∈ QCoh( n√D/X ) and E ∈ QCoh( m√D/X ), we have a functorial isomorphism F ⊗
πm,n∗E ≃ πm,n∗
(
π∗m,nF ⊗ E
)
.
• πm,n∗ sends coherent sheaves to coherent sheaves.
Corollary 2.17. [Tal17, Corollary 2.2.22] The functor π∗m,n : QCoh( n
√
D/X ) → QCoh( m√D/X ) is
fully faithful.
Let us see Z>0 as a filtered partially ordered set with the ordering given by divisibility. Then
the set { n√D/X}n∈Z>0 of root stacks forms an inverse system of stacks over the category (Sch/X)
in the sense of [TV14, Section 2.2], therefore one can take the canonical inverse limit in the sense of
[TV14, Definition 2.2].
Definition 2.18. [TV14, Definition 3.3 and Proposition 3.5] The infinite root stack ∞
√
D/X associ-
ated with the logarithmic structure (AN, LD) on X is the inverse limit
∞
√
D/X := lim←−
n
n
√
D/X .
⊘
Remark 2.19. By [Tal15, Proposition 2.1.9] ∞
√
D/X is a stack over the category (Sch/X) (with the
fpqc topology or any coarser one). Moreover, it has a fpqc presentation U → ∞√D/X.
In addition, there exists a projection morphism π∞ :
∞
√
D/X → X such that for any positive
integer n factorizes as π∞ = πn ◦ π∞,n, where π∞,n : ∞
√
D/X → n√D/X is the natural projection
to n
√
D/X. △
As explained in [TV14, Section 4], since ∞
√
D/X is only a fpqc stack with a fpqc presentation
U → ∞√D/X, one has to be very careful in order to define quasi-coherent sheaves on it. The
definition given in loc.cit. makes use of the fqpc presentation: a quasi-coherent sheaf on ∞
√
D/X
is a quasi-coherent sheaf onU together with descent data with respect to the groupoidU× ∞√D/X
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U ⇒ U (cf. [TV14, Proposition 4.6]). Thus we have the abelian category QCoh( ∞
√
D/X ) of quasi-
coherent sheaves on ∞
√
D/X.
Since all projections πm,n with n|m are flat4, by [TV14, Proposition 4.19], ∞
√
D/X is coherent,
hence we can talk about coherent sheaves on it: again a coherent sheaf on ∞
√
D/X is a coherent
sheaf on a fpqc presentation U → ∞√D/X together with a descent data. Coherent sheaves form
the abelian category Coh( ∞
√
D/X ).
Proposition 2.20 ([TV14, Proposition 4.16]). Let n be a positive integer and let π∞,n :
∞
√
D/X →
n
√
D/X be the natural projection. Then
• the functor π∞,n∗ : QCoh( ∞
√
D/X )→ QCoh( n√D/X ) is exact.
• π∞,n∗O ∞√D/X ≃ O n√D/X.
• If F ∈ QCoh( n√D/X ) and E ∈ QCoh( ∞√D/X ), we have a functorial isomorphism F ⊗
π∞,n∗E ≃ π∞,n∗
(
π∗∞,nF ⊗ E
)
.
• π∞,n∗ sends coherent sheaves to coherent sheaves.
Corollary 2.21. Let n be a positive integer and let π∞,n :
∞
√
D/X → n√D/X be the natural projection.
Then the pullback functor π∗∞,n is fully faithful.
Proposition 2.22. [TV14, Proposition 6.1] The pullbacks π∗m,n : Coh( n
√
D/X ) → Coh( m√D/X )
fit into a directed system of categories, where n|m. Moreover, the pullbacks π∗∞,n : Coh( n
√
D/X ) →
Coh( ∞
√
D/X ) along the projections π∞,n :
∞
√
D/X → n√D/X are compatible with the structure maps
of the system, and if in addition X is quasi-compact and quasi-separated the induced functor
lim−→
n
Coh( n
√
D/X )→ Coh( ∞√D/X )
is an equivalence.
Remark 2.23. The statement that lim−→
n
Coh( n
√
D/X )→ Coh( ∞√D/X ) is an equivalence means that
any coherent sheaf on ∞
√
D/X comes uniquely from a coherent sheaf on n
√
D/X for some n. Here,
“uniquely” means that if there are two such coherent sheaves on n
√
D/X and m
√
D/X giving the
same coherent sheaf on ∞
√
D/X, they are isomorphic on k
√
D/X for some integer k such that m|k
and n|k (cf. the proof of [TV14, Proposition 6.1]). A similar result holds for morphisms between
coherent sheaves on ∞
√
D/X. △
Let us introduce the category Wt(Q) of weights associated with Q: objects are elements of Q,
and an arrow q : a→ b is an element q ∈ Z such that a+ q = b.
Definition 2.24. A parabolic sheaf on X with rational weights is a pair (E , ρE):
(a) a functor E : Wt(Q) → QCoh(X). We denote it by v 7→ Ev at the level of objects, a 7→ Ea
at the level of arrows.
(b) for any u ∈ Z and v ∈ Q, an isomorphism of OX-modules
ρEu,v : Eu+v ∼−→ OX(u D)⊗OX Ev ,
which we will call pseudo-period isomorphism. Moreover, these data are required to satisfy
the conditions stated in [TV14, Definition 7.1].
⊘
A morphism of parabolic sheaves with rational weights is a natural transformation compat-
ible with the pseudo-periods isomorphism. Parabolic sheaves with rational weights form the
abelian category Par(X,D,Q)with a tensor product and internal Homs (cf. [Tal15, Section 2.2.3]).
Moreover, those which are coherent form an abelian subcategory.
4This follows from the fact that the logarithmic structure of X is locally free, i.e., the stalks of AN are all free monoids
and that the logarithmic structure comes from the map LN (cf. [Tal15, Comment after Lemma 4.1.4]).
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Proposition 2.25 ([TV14, Theorem 7.3]). There is a canonical tensor equivalence Φ of abelian cat-
egories between the category QCoh( ∞
√
D/X ) of quasi-coherent sheaves on ∞
√
D/X and the category
Par(X,D,Q) of parabolic sheaves on X with rational weights.
Remark 2.26. The equivalence Φ : QCoh( ∞
√
D/X )→ Par(X,D,Q) is given by
Φ(F )v := π∞∗
(F ⊗O ∞√D/X π∗∞,nL⊗ sn )
if v = s/n. Note that by Proposition 2.20 we get
Φ(F )v = πn∗ ◦ π∞,n∗
(F ⊗O ∞√D/X π∗∞,nL⊗ sn ) ≃ πn∗(π∞,n∗F ⊗O n√D/X L⊗ sn ) .
△
3. PRELIMINARIES ON COHERENT SHEAVES ON (INFINITE) ROOT STACKS OVER A CURVE
3.1. n-th root stack. Let X be a smooth geometrically connected projective curve over a field k.
Let p ∈ X be a closed point of degree one and n ≥ 2 an integer. Let πn : Xn → X be the n-th root
stack n
√
(OX(p), s)/X associated with p, seen as an effective Cartier divisor (cf. Definition 2.8).
Then Xn is a smooth tame algebraic stack and the functors
πn∗ : QCoh(Xn) → QCoh(X) , πn∗ : Coh(Xn) → Coh(X) ,
π∗n : QCoh(X)→ QCoh(Xn) , π∗n : Coh(X) → Coh(Xn)
are exact.
We shall denote by pn the effective Cartier divisor π
−1
n (p)red in Xn and we denote the corre-
sponding line bundle equivalently byLn andOXn(pn). By construction, pn ≃ Bµn := [Spec k/µn]
is the trivial µn-gerbe over p (here, the µn-action on Spec k is trivial). We shall call pn the stacky
point of Xn.
Remark 3.1. The line bundle L⊗ ℓn on Xn corresponds to the parabolic locally free sheaf on X
0 · · · n−1n − { ℓn} 1− { ℓn} · · · 1
OX
(
n⌊ℓ⌋ p
) · · · OX(n⌊ℓ⌋ p) OX((n⌊ℓ⌋+ 1) p) · · · OX((n⌊ℓ⌋+ 1) p)
△
Due to the lack of literature on coherent sheaves on tame algebraic stacks5, we shall in the fol-
lowing use freely Theorem 2.11 and translate into the language of coherent sheaves on root stacks
some of the results about parabolic coherent sheaves stated in [Lin14, Section 1] and references
therein. For example, there exists a canonical line bundle on Xn
ωXn = π
∗
nωX ⊗L⊗ n−1n
and Serre duality holds:
Theorem 3.2. Let E ,F be coherent sheaves on Xn. Then there exists a functorial isomorphism
Ext1(E ,F ) ∼−→ Hom(F , E ⊗ ωXn)∨ .
In addition, we have
Hi(Xn,F ) ≃ Hi(X,πn∗(F ))
for i = 0, 1 and any coherent sheaf F on Xn.
5For example, we believe that it should be possible to extend some results about duality of coherent sheaves from
Deligne-Mumford stacks [Nir08a] to tame algebraic stacks.
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Let Torx(Xn) be the category of torsion sheaves on Xn supported at a non-stacky point x ∈ Xn
(i.e., a point x ∈ X \ {p} ≃ Xn \ pn). Torx(Xn) is equivalent to the category Torx(X) of torsion
sheaves on X supported at x (here we are using the fact that πn is an isomorphism out of p).
Therefore, Torx(Xn) is equivalent to the category Rep
nil
k(x)
(
A
(1)
0
)
of nilpotent representations of
the 1-loop quiver A
(1)
0 over the residue field k(x). We shall denote by T (ℓ)x the unique indecom-
posable torsion sheaf of Torx(Xn) of length ℓ. If fits into the short exact sequence
0→ OXn(−ℓ x)→ OXn → T (ℓ)x → 0 .
We set Tx := T (1)x . Note that T (ℓ)x ⊗L⊗ sn ≃ T (ℓ)x for any s = 0, . . . , n− 1.
Recall that coherent sheaves on the stacky point pn ≃ Bµn := [Spec k/µn ] correspond to par-
abolic torsion sheaves T• on X with zero morphisms Ti/n → T(i+1)/n for 0 ≤ i ≤ n− 1. On the
other hand, consider the stack [Spec(k[x](0))/µn], where the µn-action is given by t · x := t−1x
and t · a := a for a ∈ k: coherent sheaves on [Spec(k[x](0))/µn] correspond to finite-dimensional
k[x](0)-modules together with a compatible Zn-grading, hence to parabolic torsion sheaves T•
on X with morphisms Ti/n → T(i+1)/n, for 0 ≤ i ≤ n− 1, corresponding to the multiplication
by x. Thus, if we denote by Torpn(Xn) the category of coherent sheaves on Xn supported at
[Spec(k[x](0))/µn], Torpn(Xn) is equivalent to the category Rep
nil
k
(
A
(1)
n−1
)
of nilpotent representa-
tions of the cyclic quiver A
(1)
n−1 with n vertices over k. Here we assume that the orientation of the
arrows of A
(1)
n−1 is “increasing”, i.e., the arrows are i → (i+ 1), for any i ∈ {1, . . . , n}.
Let i ∈ {1, . . . , n} and j ∈ Z>0. Define the torsion sheaf nS (j)i ∈ Torpn(Xn) by the short exact
sequence
0→ OXn(−i pn) → OXn((j− i) pn) → nS (j)i → 0 . (3.1)
Set formally nS (j)0 := nS (j)n for any positive integer j, moreover define nSi := nS (1)i for i = 1, . . . , n.
In addition, nS (j)i ⊗L⊗ sn ≃ nS
(j)
i−s mod n for any s = 0, . . . , n− 1.
Remark 3.3. Let i ∈ {1, . . . , n} and let j ≥ 2 be an integer. Then nS (j)i fits into the short exact
sequences
0→ nS (j−1)i → nS
(j)
i → nS (1)n{i+1−j}→ 0 ,
0→ nS (1)i → nS
(j)
i → nS
(j−1)
i−1 → 0 .
△
Remark 3.4. The torsion sheaf nS1 corresponds to the parabolic torsion sheaf on X
0 1n · · · n−1n 1
Tp 0 · · · 0 Tp ⊗OX(p)
while, for i ∈ {2, . . . , n}, the torsion sheaf nSi corresponds
0 · · · i−2n i−1n in · · · 1
0 · · · 0 Tp 0 · · · 0
△
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We denote by T
(ℓ)
x the unique indecomposable torsion sheaf of Torx(X) supported at x ∈ X of
length ℓ and set Tx := T
(1)
x . We have
πn∗
(T (ℓ)x ) ≃ T(ℓ)x for x 6= p, πn∗(nS (j)i ) ≃ T(1+n⌊j−i⌋)p .
Proposition 3.5.
• Any torsion sheaf on Xn is a direct sum of torsion sheaves of the form nS (j)i for i = 1, . . . , n and
j ∈ Z>0 and torsion sheaves supported at non-stacky points of Xn.
• Any coherent sheaf on Xn is a direct sum of a torsion sheaf and a locally free sheaf.
• Any locally free sheaf F on Xn admits a filtration
0 = F0 ⊂ F1 ⊂ · · · ⊂ Fr = F (3.2)
such that the factor Fs/Fs−1 is a line bundle on F for s = 1, . . . , r.
For any locally free sheaf F on Xn, we shall call rank the number r of nonzero factors in (3.2).
This corresponds to the rank of πn∗F . Moreover we shall call rank of a coherent sheaf the rank
of its locally free part.
Thanks to the previous proposition, the Grothendieck group K0(Xn) of Xn is generated by the
classes of line bundles and torsion sheaves on Xn. We denote by [F ] the K0-theory class of a
coherent sheaf F on Xn.
We denote by K+0 (Xn) the subset of K0(Xn) consisting of the classes of coherent sheaves on
Xn. The Euler form of any two coherent sheaves F , E on Xn is defined as
〈F , E〉 := dimHom(F , E )− dimExt1(F , E ) ,
and we extend it to K0(Xn) by linearity. As usual, the symmetric Euler form is (x, y) := 〈x, y〉+
〈y, x〉 for any x, y ∈ K0(Xn).
Let Knum0 (Xn) be the numerical Grothendieck group of Xn, that is the quotient of K0(Xn) by the
kernel of 〈 , 〉. We shall call class of a coherent sheaf F , and denote by F , the image of [F ] in
Knum0 (Xn) with respect to the projection map K0(Xn) → Knum0 (Xn).
Let δn := ∑
n
i=1 nSi in Knum0 (Xn), then δn = Tx for any non-stacky point x.
Lemma 3.6. We have
〈OXn ,L⊗ in 〉 = 1− gX + δi,n for i = 0, 1, . . . , n , 〈OXn , δn〉 = 1 , 〈δn,OXn〉 = −1
〈OXn , nSj〉 =
{
0 for j = 2, . . . , n ,
1 for j = 1 ,
, 〈nSj,OXn〉 =
{
−1 for j = n ,
0 otherwise ,
〈δn, δn〉 = 0 , 〈δn, nSj〉 = 0 , 〈nSj, δn〉 = 0 , 〈nSi, nSj〉 =

1 for i = j ,
−1 for j = i+ 1 ,
0 otherwise .
By using short exact sequences of the form (3.1) we can derive the following equality in
Knum0 (Xn)
π∗nM⊗L⊗ ℓn = OXn + deg(M)δn +
n
∑
k=n−ℓ+1
nSk = OXn + (1+ deg(M))δn −
n−ℓ
∑
k=1
nSk
= OXn + deg(M)
n
∑
k=1
nSk +
n
∑
k=n−ℓ+1
nSk
for any line bundle M on X and any integer 0 ≤ ℓ ≤ n− 1. Moreover, one has in Knum0 (Xn)
T (s)x = sdeg(x) δn = sdeg(x)
n
∑
k=1
nSk ,
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for any s ∈ Z>0 and a non-stacky point x. By using these equalities together with the additivity
of the rank and the degree with respect to short exact sequences, we can obtain the following
result.
Proposition 3.7. The class of a coherent sheaf F on Xn can be written as
F = rk (πn∗F)OXn + n∑
i=1
deg
(
πn∗(F ⊗ L⊗ i−1n )
)
nSi .
Remark 3.8. Recall that for a coherent sheaf F on X, we have F = rk(F)OX + deg(F) δ1, where
δ1 is the class of the torsion sheaf Tx at a point x ∈ X. Then π∗nF = rk(F)OXn + deg(F) δn =
rk(F)OXn + deg(F) ∑nk=1 nSk. △
It follows from the above discussion that Knum0 (Xn) ≃ Z ⊕ Zn, with the map K0(Xn) →
Knum0 (Xn) given at the level of classes of coherent sheaves by
[E ] 7→ E = ( rk(E ), deg (E )) ,
where
deg (E ) :=
(
deg
(
πn∗(E )
)
, deg
(
πn∗(E ⊗ Ln)
)
, . . . , deg
(
πn∗(E ⊗ L⊗ n−1n )
))
.
We have
nSi = (0, en,i) for i = 1, . . . , n .
Here en,i denotes the i-th coordinate vector of Z
n for i = 1, . . . , n. Therefore, δn = (0,∑i en,i); we
shall denote the vector ∑i en,i by δn as well, any time there is no possible confusion.
Moreover, the restriction
dimn : K0(Torpn(Xn))→ Zn (3.3)
of the map K0(Xn) → Knum0 (Xn) is an isomorphism, since Torpn(Xn) ≃ Repnilk
(
A
(1)
n−1
)
(cf. [Sch12,
Corollary 3.2-(2)]).
Remark 3.9. Recall that Knum0 (X) = Z
2 and the map K0(X)→ Knum0 (X) associates with a K0-class
[E] of a coherent sheaf E on X the pair E = (rk(E), deg(E)). By using the projection formula for
πn, one can show π∗nE = (rk(E), deg(E) δn). △
Remark 3.10. Let M be a line bundle on X and 0 ≤ ℓ ≤ n− 1 an integer. Then
π∗nM⊗L⊗ ℓn =
(
1, deg(M), . . . , deg(M), deg(M) + 1, . . . , deg(M) + 1︸ ︷︷ ︸
ℓ-th
times
)
=
(
1, deg(M)δn +
n
∑
i=n−ℓ+1
en,i
)
∈ Knum0 (Xn) .
△
Let us introduce the following bilinear forms
〈·, ·〉 : Zn≥0 ⊗Zn≥0 → Z , 〈d, e〉 :=
n
∑
i=1
(diei − diei+1) ,
(·, ·) : Zn≥0 ⊗Zn≥0 → Z , (d, e) := n∑
i=1
(2diei − di+1ei − diei+1) = d Ân−1 e ,
where we identify dn+1 = d1 and en+1 = e1. Here Ân−1 is the Cartan matrix of the affine A
(1)
n−1
Dynkin diagram.
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Corollary 3.11 (Riemann-Roch Formula). Let E ,F be two coherent sheaves on Xn with F = (r, d)
and E = (s, e). Then
〈F , E〉 = rs(1− gX) + re1 − dns+ 〈d, e〉 , (3.4)(F , E) = 2rs(1− gX) + r(e1 − en) + s(d1 − dn) + (d, e) .
Remark 3.12. Recall that for two coherent sheaves E, F on X we have
〈F, E〉 = rk(F) rk(E) (1− gX) + rk(F) deg(E)− rk(E) deg(F) .
Then 〈π∗nF,π∗nE〉 = 〈F, E〉. △
Define the locally free sheaf on Xn
Gn :=
n⊕
ℓ=1
L⊗ ℓ−nn ≃
n⊕
ℓ=1
L⊗ ℓn ⊗ π∗nOX(−p) .
It is a so-called generating sheaf 6 for Xn.
Definition 3.13. Let F be a coherent sheaf on Xn of class F =
(
r, d
)
. We call the n-th degree of F
the quantity
degn(F ) :=
1
n
deg
(
πn∗(F ⊗ G∨n )
)
=
1
n
n
∑
ℓ=1
deg
(
πn∗(F ⊗L⊗ n−ℓn )
)
=
1
n
n
∑
i=1
di ,
and the n-th slope of F the quantity
µn(F ) := degn(F )
rk(F ) =
1
rn
n
∑
i=1
di ,
if rk(F ) 6= 0, otherwise µn(F ) = ∞. ⊘
Remark 3.14. Note that the n-th degree of a coherent sheaf on Xn corresponds to the parabolic
degree7 of the corresponding parabolic sheaf on X with weights ai := (n− i)/n for i = 0, . . . , n−
1. △
Remark 3.15. Let M be a line bundle on X and 0 ≤ ℓ ≤ n− 1 an integer. Then
degn(π
∗
nM⊗L⊗ ℓn ) = deg(M) +
ℓ
n
.
Therefore fixing the n-th degree of a line bundle on Xn is equivalent to fixing its class. Indeed,
the class of a line bundle L on Xn of n-th degree x ∈ 1n Z is
L =
(
1, ⌊x⌋ δn +
n
∑
i=n−ℓ+1
en,i
)
if ℓ = n{x}. △
As one can expect degn(OXn) = 0, moreover
degn(ωXn) = deg(ωX) +
n− 1
n
= 2(gX − 1) + n− 1
n
.
Recall that if E is a coherent sheaf on X, we have χ(E) = deg(E) + rk(E)χ(OX) where, as usual,
χ(E) := 〈OX , E〉. In the stacky case, in order to get a formula similar to this one, it is better to
introduce the averaged Euler characteristic for Xn given by (cf. [GL87, Section 2.9])
χn(E ) :=
n−1
∑
i=0
〈
OXn , E ⊗ω⊗−iXn
〉
6For an overview of the theory of generating sheaves, see [Nir08b, Section 2] , [BS15, Section 2] and [Tal17, Section 3.2].
Our choice of the generating sheaf differs from [Nir08b, Section 7.2] and [Tal17, Sections 3.2.1 and 3.2.2] by the twisting
by π∗nOX(−p).
7See [Lin14, Section 1.2] for the definition of the parabolic degree.
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for any coherent sheaf E on Xn. It is easy to show that
χn(OXn) =
n2 + n− 2gXn2
2
,
and for any coherent sheaf E on Xn
χn(E ) = n degn(E ) + rk(E )χn(OXn) .
Definition 3.16. We call virtual genus of Xn the quantity
gXn := 1−
1
n
χn(OXn) =
2ngX − n+ 1
2
.
⊘
Similarly to the non-stacky case, we get degn(ωXn) = (1/n)(2gXn − 2).
We finish the section by introducing the notion of semistability for coherent sheaves on Xn and
characterizing the category of semistable sheaves.
Definition 3.17. Let E be a coherent sheaf on Xn. We say that E is semistable if for any subsheaf
0 6= F ( E , we have µn(F ) ≤ µn(E ). We say that E is stable if the previous inequality is always
strict. ⊘
Remark 3.18. Because of Remark 3.14, a coherent sheaf on Xn is semistable (resp. stable) if and
only if the corresponding parabolic coherent sheaf on X is semistable 8 (resp. stable). △
Let ν ∈ Q ∪ {∞}. We shall denote by Cohss,ν(Xn) the category of semistable coherent sheaves
on Xn of n-th slope ν. In particular, Coh
ss,∞(Xn) = Tor(Xn).
Proposition 3.19 ([Lin14, Proposition 1.6]). The following hold:
• Cohss,ν(Xn) is abelian, Artinian and Noetherian.
• Hom(E ,F ) = 0 if E ∈ Cohss,ν(Xn), F ∈ Cohss,µ(Xn) and ν > µ.
• Let E be a coherent sheaf on Xn. Then there exists a unique filtration, calledHarder-Narasimhan
filtration,
0 = E0 ( E1 ( · · · ( Et−1 ( Et = E
such that HNi(E ) := Ei/Ei−1 is semistable for i = 1, . . . , t and
µn(HN1(E )) > · · · > µn(HNt(E )) .
The HN-type of a coherent sheaf E is α = (α1, . . . , αt) with αi := HNi(E ) for i = 1, . . . , t. Note
that ∑i αi = E .
Let ν, ν′ ∈ Q ∪ {∞}, ν ≤ ν′, and let Coh[ν,ν′](Xn) be the full subcategory of Coh(Xn) consisting
of coherent sheaves E for which ν ≤ µn(HNt(E )) < · · · < µn(HN1(E )) ≤ ν′. Similarly, one can
define the full subcategories Coh≥ν(Xn), Coh>ν(Xn), Coh≤ν(Xn), and Coh<ν(Xn). The following
result follows from the same arguments as in [Lin14, Lemma 1.8] and [BS12, Lemma 2.2].
Lemma 3.20. For any ν, ν′ ∈ Q ∪ {∞}, ν < ν′, the following hold.
• Coh[ν,ν′](Xn) is stable under extensions.
• For any α ∈ Knum0 (Xn), the number of isomorphism classes of coherent sheaves in Coh[ν,ν
′](Xn)
(resp. Coh≥ν(Xn), Coh≤ν(Xn)) of class α is finite.
• Let α ∈ Knum0 (Xn) and E ∈ Coh(Xn). The number of isomorphism classes of subsheaves F ⊂ E
(resp. quotient sheaves E ։ F ) of class α is finite.
8See [Lin14, Section 1.2] for the definition of semistability for parabolic coherent sheaves.
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• Let α ∈ Knum0 (Xn) and F ,G ∈ Coh(Xn). The number of pairs of subsheaves (H ⊂ F ,K ⊂ G)
(resp. pairs of quotient sheaves (F ։ H,G ։ K)) satisfyingH+K = α is finite.
Remark 3.21. We want to stress that one of the key ingredient to the proof of the previous lemma
is that the moduli space of semistable coherent sheaves on Xn of fixed rank and n-th degree is a
scheme of finite type. △
3.2. Relations between different root stacks. Let n, k be positive integers and consider the root
stacks Xn and Xkn. First, note that Xkn ≃ k
√
(Ln, sn)/Xn, where sn is the canonical section of Ln.
Hence, the morphism πkn : Xkn → X factors through the natural projection πkn,n : Xkn → Xn.
Moreover, the following formulas hold:
π∗kn,nLn ≃ L⊗ kkn and πkn,n∗L⊗ ℓkn ≃ L⊗ k⌊ℓ⌋n . (3.5)
Consider the torsion sheaf nS (j)i ∈ Torpn(Xn), for i = 1, . . . , n and j ∈ Z>0, and the torsion sheaf
knS (ℓ)h ∈ Torpkn(Xkn), for h = 1, . . . , kn and ℓ ∈ Z>0. By applying the exact functors π∗kn,n and
πkn,n∗ to the short exact sequence (3.1) we get
π∗kn,n
(
nS (j)i
) ≃ knS (kj)ki and πkn,n∗(knS (ℓ)h ) ≃ nS (k⌊ℓ−h⌋−k⌊−h⌋)−k⌊−h⌋ .
Here the exactness of π∗kn,n follows from the flatness of πkn,n, since it can be interpreted as a root
stack morphism (cf. [TV14, Proposition 2.2.9]). More generally, a coherent sheaf F on Xn, which
corresponds to the parabolic sheaf on X
0 1n
2
n
· · · n−1
n 1
F0 F1n
F2
n
· · · Fn−1
n
F1
f0 f1 fn−1
is sent, via π∗kn,n, to the coherent sheaf on Xkn corresponding to the following parabolic sheaf on
X:
0 1kn
2
kn
· · · k−1
kn
1
n
k+1
kn
· · ·
F0 F0 F0 · · · F0 F1n F1n · · ·
id id f1 id
· · · kn−k−1
kn
n−1
n
kn−k+1
kn
· · · kn−1
kn 1
· · · Fn−2
n
Fn−1
n
Fn−1
n
· · · Fn−1
n
F1
fn−2 id fn−1
Here, we used the Projection Formula (2.16) and Formula (3.5). Thus, if F = (r, d), we get
π∗kn,nF =(rk(π∗kn,nF ), deg (π∗kn,nF ))
=
(
rk
(
πkn∗(π∗kn,nF )
)
, deg
(
πkn∗(π∗kn,nF )
)
,
deg
(
πkn∗((π∗kn,nF )⊗Lkn)
)
, . . . , deg
(
πkn∗((π∗kn,nF )⊗L⊗ kn−1kn )
))
=
(
r, d1, . . . , d1︸ ︷︷ ︸
k times
, . . . , dn−1, . . . , dn−1︸ ︷︷ ︸
k times
, dn, . . . , dn︸ ︷︷ ︸
k times
)
.
Then (cf. [Tal17, Proposition 4.2.11])
rk(π∗kn,nF ) = rk(F ) , (3.6)
degkn(π
∗
kn,nF ) = degn(F ) . (3.7)
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If E and F are coherent sheaves on Xn, we have
Hom(π∗kn,nE ,π∗kn,nF ) ≃ Hom(E ,F )
since πkn,n is a fully faithful functor, and
Ext1(π∗kn,nE ,π∗kn,nF ) ≃ Hom(π∗kn,nF ,π∗kn,nE ⊗ωXkn)
≃ Hom(F , (πkn,n)∗(π∗kn,nE ⊗ωXkn)) ≃ Hom(F , E ⊗ ωXn) ≃ Ext1(E ,F ) .
(3.8)
Thus 〈π∗kn,nE ,π∗kn,nF〉 = 〈E ,F〉.
3.3. Infinite root stack. Let X∞ be the inverse limit lim←−
n
Xn (cf. Definition 2.18). The stacky struc-
ture of X∞ is concentrated at the trivial gerbe Bµ∞ over p, where µ∞ := lim←−
n
µn.
By Proposition 2.22, we have an equivalence
lim−→
n
Coh(Xn) → Coh(X∞) ,
where the direct limit on the left-hand-side is obtained via the pullbacks π∗m,n : Coh(Xn) →
Coh(Xm) with n|m. In particular, any coherent sheaf on X∞ comes ”uniquely” from a coher-
ent sheaf on Xn for some n. Here, “uniquely” means that if there are two such coherent sheaves
on Xn and Xm giving the same coherent sheaf on X∞, they are isomorphic on Xk for some integer
k such that m|k and n|k. A similar result holds for morphisms between coherent sheaves on X∞.
Define Torp∞(X∞) as the direct limit of all the Torpn(Xn)’s. Recall that for any n ≥ 2 the
abelian category Torpn(Xn) is equivalent to the abelian category Rep
nil
k
(
A
(1)
n−1
)
of nilpotent repre-
sentations of the cyclic quiver A
(1)
n−1 of with n vertices over k, while for n = 1, the abelian category
Torp1(X1) := Torp(X) is equivalent to the abelian category Rep
nil
k
(
A
(1)
0
)
of nilpotent representa-
tions of the 1-loop quiver A
(1)
0 over k, hence Torp∞(X∞) = lim−→
n
Repnilk (A
(1)
n−1). For any half-open
interval J = [a, b[( S1
Q
, with a < b, define
SJ := π∗∞,n
(
nS (k)i
) ∈ Torp∞(X∞) , (3.9)
where a = h/n, b = i/n and k = n(b− a). For simplicity, we will call the half-open intervals as
above strictly rational intervals in S1
Q
. we will drop the adjective strict to mean that we allow J to
be equal to S1
Q
.
For any x ∈ Q ∩ [0, 1[, define L⊗ x := π∗∞,n
(L⊗ in ) ∈ Coh(X∞), if x = i/n with g.c.d.(i, n) = 1.
The above description of Coh(X∞) implies that
lim−→
n
K0(Xn) ≃ K0(X∞) .
In the following, we shall give two equivalent definitions of the numericalK0-theory of X∞. First,
note that Formula (3.6) shows that the rank is a well defined quantity for any coherent sheaf on
X∞. Define
Knum0 (X∞) := lim→
n
Knum0 (Xn) = lim→
n
(
Z⊕Zn) ,
where the directed set is Z>0 with the ordering given by divisibility and the maps Z ⊕ Zn →
Z⊕Zm for n|m are given by (r, d) 7→ (r,Φm,n(d)), where
Φm,n(d) := d1
m/n
∑
j=1
em,j + d2
2m/n
∑
j=m/n+1
em,j + · · ·+ dn
m
∑
j=(n−1)m/n+1
em,j .
Thus we have a map K0(X∞) → Knum0 (X∞) given at the level of classes of coherent sheaves by
[F ] 7→ F = ( rk(F ),Φm,n(deg (Fn)))n|m ∈ lim→
m
(
Z⊕Zm)
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for any F ≃ π∗∞,n(Fn) for some integer n and some coherent sheaf Fn ∈ Coh(Xn). Moreover, the
Euler form is defined on X∞ as
〈F , E〉 = 〈π∗m,nFn,π∗m,hEh〉 = rs(1− gX) + re1 − dns+ 〈Φm,n(d),Φm,h(e)〉 ,
for any pair F ≃ π∗∞,n(Fn), E ≃ π∗∞,h(Eh) and any positive integer m such that n|m, h|m, where
F n = (r, d) and Eh = (s, e). Here we used Formula (3.4).
Let us give an equivalent definition of Knum0 (X∞). Let Z
S1
Q
0 ⊂ ZS
1
Q be the group consisting
of functions f : S1
Q
→ Z for which there exists a positive integer n such that f is constant on all
intervals of the form [ i−1n ,
i
n [ with i ∈ Z≥0. We define N
S1Q
0 in the same fashion. For any rational
interval J in S1
Q
, we denote by χJ its characteristic function. Denote by δ the characteristic function
χS1
Q
of S1
Q
.
We claim that
lim→
n
(
Z⊕Zn) ≃ Z⊕ZS1Q0 .
Indeed, the map Z⊕Z⊕n → Z⊕ZS
1
Q
0 defined by (r, d) 7→ (r, fd), where
fd :=
n
∑
i=1
diχ[ i−1n ,
i
n [
(3.10)
gives rise to a homomorphism lim→
n
(
Z ⊕ Zn) → Z ⊕ ZS1Q0 , whose inverse is the map (r, f ) 7→
(r, d f ) where if f is constant on all intervals of the form [
i−1
n ,
i
n [ with i ∈ Z≥0 for some positive
integer n ≥ 2 then
d f := ( f (0), f (1/n), . . . , f ((n− 1)/n)) . (3.11)
In the latter description of Knum0 (X∞), by (3.4), the Euler form is
〈(r, f ), (s, g)〉 = rs(1− gX) + rg+(0)− s f−(0) +∑
x
f−(x)(g−(x)− g+(x)) ,
where we have set h±(x) := limt→0,t>0 h(x ± t). As usual, ((r, f ), (s, g)) = 〈(r, f ), (s, g)〉 +
〈(s, g), (r, f )〉. In addition, we set 〈 f , g〉 := 〈(0, f ), (0, g)〉 and ( f , g) := 〈 f , g〉+ 〈g, f 〉.
Remark 3.22. Let dim: K0(Torp∞(X∞)) → Z
S1
Q
0 be the restriction of themapK0(X∞) → Knum0 (X∞).
The map dim is an isomorphism. Indeed, for any n ∈ Z≥2, the map dimn introduced in Formula
(3.3) is an isomorphism; moreover, the exact functor π∗∞,n : Torpn(Xn) → Torp∞(X∞) induces a
corresponding morphism π∗∞,n in K0-theory and the composition
Zn ≃ ZZ/nZ ≃ K0(Torpn(Xn))
π∗∞,n−−→ K0(X∞) dim−−→ ZS
1
Q
sends d to fd (the latter is defined in (3.10)). It is clear that if we take the direct limit, we obtain
an isomorphism, which coincides with dim.
Let n ∈ Z≥2 and 1 ≤ i ≤ n. Then dim
(S[(i−1)/n, i/n[) = χ[(i−1)/n, i/n[. △
Finally, by Formula (3.7) we can define the ∞-degree of a coherent sheaf E on X∞ as
deg(E ) := degn(En) ∈ Q ,
where En ∈ Coh(Xn) is a representative of E , i.e., π∗∞,nEn ≃ E .
Remark 3.23. By Remark 3.10, fixing the class of a line bundle on X∞ is equivalent to fixing its
degree. The class of a line bundle L of ∞-degree x ∈ Q is equal to
L = (1, ⌊x⌋δ+ χ[−ℓ/n,1[)
if {x} = ℓ/n and gcd(ℓ, n) = 1. △
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For a coherent sheaf E on X∞ we can define its ∞-slope as
µ(E ) := deg(E )
rk(E )
if rk(E ) 6= 0, otherwise µ(E ) := ∞. We can introduce the notion of (semi)stability for coherent
sheaves on X∞ as in Definition 3.17 and therefore the subcategory Coh
ss,ν(X∞) of Coh(X∞) con-
sisting of semistable sheaves on X∞ of slope ν. By [Tal17, Proposition 4.3.3], a coherent sheaf E
on X∞ is semistable if and only if En is semistable, where En ∈ Coh(Xn) is a representative of E .
Moreover, by [Tal17, Proposition 4.2.11], if F is a semistable sheaf on Xn, π∗kn,nF is semistable as
well for any positive integer k. Thus we have
Cohss,ν(X∞) ≃ lim→
n
Cohss,ν(Xn) .
Remark 3.24. A proposition analogous to Proposition 3.19 can be stated for X∞, as we can intro-
duce the subcategories Coh[ν,ν
′](X∞), Coh≥ν(X∞), Coh>ν(X∞), Coh≤ν(X∞), and Coh<ν(X∞) for
ν, ν′ ∈ Q ∪ {∞}, with ν ≤ ν′. △
Lemma 3.25. Let (r, f ) ∈ Knum0 (X∞) and F ∈ Coh(X∞). There exists m (depending on F and f ) such
that any subsheaf G ⊂ F of class (r, f ) has a representative in Coh(Xm).
Proof. To see this, we will use the language of parabolic sheaves. Fix n such that F ∈ Coh(Xn).
For any multiple k of n, the sheaf π∗k,n(F ) ∈ Coh(Xk) admits a presentation as a parabolic sheaf
0 1k
2
k
· · · 1
n − 1k 1n 1n + 1k · · ·
F0 F1k
F2
k
· · · Fk−n
kn
F1
n
Fk+n
kn
· · ·id id id
in which all the maps arriving to a label x 6∈ 1nZ are isomorphisms. There exists m such that n|m
and the function f is locally constant on any interval of the form [ im ,
i+1
m [. For any multiple k of
m, any G ∈ Coh(Xk) of class (r, f ) admits a presentation as a parabolic sheaf (Gx)x∈ 1k Z such that
Gx−1/k = Gx if x /∈ 1mZ. Hence if G ⊂ F the morphism Gx−1/k → Gx is an isomorphism as soon
as x /∈ 1mZ. This means that there exists G ′ ∈ Coh(Xm) such that G ≃ π∗k,m(G ′). 
Corollary 3.26. Let (r, f ) ∈ Knum0 (X∞) and F ∈ Coh(X∞). The number of isomorphism classes of
subsheaves G ⊂ F of class (r, f ) is finite.
Proof. By the above Lemma, any subsheaf of F of class (r, f ) comes from Coh(Xm) hence by
Lemma 3.20 there are only finitely many of them. 
Corollary 3.27. Let (r, f ) ∈ Knum0 (X∞) and F ,G ∈ Coh(X∞). The number of pairs of subsheaves
(H ⊂ F ,K ⊂ G) (resp. pairs of quotient sheaves (F ։ H,G ։ K)) satisfying H + K = (r, f ) is
finite.
Proof. This follows directly from the previous Corollary applied to the sheaf F ⊕G together with
the fact that any sheaf L ∈ Coh(Xm) can admit only finitely decompositions (up to isomorphism)
as a direct sum L = H⊕K. 
We finish this section, with some results which will be useful later.
Proposition 3.28. Let (r, f ) ∈ Knum0 (X∞). Let n be the minimum integer for which f is constant on
intervals of the form [i/n, (i+ 1)/n[ for i = 0, . . . , n− 1. Then any locally free sheaf of class (r, f ) has a
representative in Xn.
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Proof. Let F ∈ Coh(X∞) be a locally free sheaf on X∞ with F = (r, f ). Assume that F ≃
π∗
∞,ℓn(F˜ ) for some F˜ ∈ Coh(Xℓn), with ℓ ≥ 1. Note that
deg (F˜) = ℓnd f = Φℓn,n(nd f ) .
Hence
deg
(
πℓn∗
(F˜ ⊗ L⊗ sℓ+1
ℓn
))
= deg
(
πℓn∗
(F˜ ⊗ L⊗ sℓ+2
ℓn
))
= · · · = deg (πℓn∗(F˜ ⊗ L⊗ (s+1)ℓℓn ))
for s = 0, 1, . . . , n− 1. By Proposition 2.2, the maps
πℓn∗
(F˜ ⊗ L⊗ sℓ+1
ℓn
)→ πℓn∗(F˜ ⊗ L⊗ sℓ+2ℓn )→ · · · → πℓn∗(F˜ ⊗ L⊗ (s+1)ℓℓn )
are injective, hence they are isomorphisms. Therefore, there exists F˜ ′ ∈ Coh(Xn) such that F˜ ≃
π∗
ℓn,n
(F˜ ′), thus F ≃ π∗∞,n(F˜ ′). 
Corollary 3.29. Let (r, f ), (r1, f1), (r2, f2) ∈ Knum0 (X∞) be such that (r, f ) = (r1, f1) + (r2, f2). Let
n be the minimum integer for which f1, f2 are constant on intervals of the form [i/n, (i + 1)/n[ for
i = 0, . . . , n− 1. Then for any short exact sequence
0→ F1 → F → F2 → 0
of coherent sheaves on X∞ such that Fi is locally free and Fi = (ri, fi) for i = 1, 2, there exist F˜i ∈
Coh(Xn) such that Fi ≃ π∗∞,n
(F˜i) for i = 1, 2.
By using the previous proposition and recalling that the functor π∗∞,m is fully faithful for any
m, one can prove the following.
Corollary 3.30. Let (r, f ), (r1, f1), (r2, f2) ∈ Knum0 (X∞) be such that (r, f ) = (r1, f1) + (r2, f2). Let
n be the minimum integer for which f1, f2 are constant on intervals of the form [i/n, (i + 1)/n[ for
i = 0, . . . , n− 1. Then for any short exact sequence
0→ F1 → F → T2 → 0
of coherent sheaves on X∞ such that F1 is locally free and F1 = (r, f1), T2 = (0, f2) there exist F˜1, T˜2 ∈
Coh(Xn) such that F1 ≃ π∗∞,n
(F˜1) and T2 ≃ π∗∞,n(T˜2).
4. HALL ALGEBRA OF A ROOT STACK OVER A CURVE
4.1. Preliminaries on Hall algebras. Let k = Fq, let X be a smooth geometrically connected
projective curve over k, and for n ∈ Z>0 let Xn be the n-th root stack of X over a rational closed
point p ∈ X as in Section 3.1. In this section we recall the definition of the Hall algebra of Coh(Xn)
and state some of its important properties. Most results in this section can be found in [Lin14],
but we briefly derive them again since our notations differ from Lin’s.
Let α ∈ Knum0 (Xn) and denote byMα,n the set of isomorphism classes of coherent sheaves on
Xn of class α. The Hall algebra of Xn is, as vector space,
Hn :=
⊕
α∈Knum0 (Xn)
Hn[α] where Hn[α] := { f : Mα,n → Q˜ | supp( f ) is finite} =
⊕
F∈Mα,n
Q˜ 1F ,
where 1F denotes the characteristic function of F ∈ Mα,n. The multiplication is defined as
( f · g)(R) := ∑
N⊆R
υ〈R/N ,N 〉 f (R/N )g(N ) , (4.1)
and the comultiplication is
∆( f )(M,N ) := υ
−〈M,N 〉
|Ext1(M,N )| ∑
ξ∈Ext1(M,N )
f (Xξ) (4.2)
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where Xξ is the extension of N by M corresponding to ξ. The coproduct takes values in the
completion Hn⊗̂Hn of the tensor product Hn ⊗Hn that we will now define. For α ∈ Knum0 (Xn),
define
Ĥn[α] := { f ∈ Mα,n → Q˜} .
We shall identify elements in Ĥn[α] with (possibly infinite) series
∑
F=α
aF 1F with aF ∈ Q˜ .
We put
Ĥn :=
⊕
α
Ĥn[α] .
Similarly, for α, β ∈ Knum0 (Xn), define
Hn[α]⊗̂Hn[β] := { f : Mα,n ×Mβ,n → Q˜} .
Again, we identify it with the set of infinite series ∑F=α,E=β aF ,E 1F ⊗ 1E , with aF ,E ∈ Q˜. Set
Hn⊗̂Hn :=
⊕
γ∈Knum0 (Xn)
(
Hn⊗̂Hn
)
[γ] where
(
Hn⊗̂Hn
)
[γ] := ∏
γ=α+β
Hn[α]⊗̂Hn[β] .
As a consequence of Lemma 3.20 (cf. the arguments in [BS12, Proposition 2.2]), we have the
following.
Proposition 4.1. The following properties hold:
• Ĥn and Hn⊗̂Hn are naturally equipped with the structure of associative algebras.
• Let ∆α,β : Hn[α + β] → Hn[α]⊗̂Hn[β] be the graded component of the comultiplication ∆ of
degree (α, β). Then ∆α,β
(
Hn[α+ β]
) ⊂ Hn[α]⊗Hn[β].
• The comultiplication ∆ takes values inHn⊗̂Hn; it extends to a coassociative coproduct ∆ : Ĥn →
Hn⊗̂Hn.
The triple (HA, ·,∆) is not a topological bialgebra. For this reason, let us introduce the ex-
tended Hall algebra in the following way. Let Kn := Q˜[Knum0 (Xn)] be the group algebra of
the numerical Grothendieck group of Xn and denote by kα the element of Kn corresponding
to α ∈ Knum0 (Xn). Then the extended Hall algebra is
Htwn := Hn ⊗Q˜ Kn ,
with the relations
kαkβ = kα+β , k0 = 1 , kα1Fk−1α = υ(α,F) 1F .
The new coproduct is
∆˜(kα) := kα ⊗ kα and ∆˜( f ) := ∑
M,N
∆( f )(M,N ) 1MkN ⊗ 1N .
Then (Htwn , ·, ∆˜) is a topological bialgebra. Also Htwn is Knum0 (Xn)-graded: we denote by ∆˜α,β the
graded component of the coproduct of degree (α, β).
Similarly, we can define Ĥtwn . The coproduct ∆˜ extends to an algebra homomorphism ∆ : Ĥ
tw
n →
Htwn ⊗̂Htwn . Thus (Ĥtwn , ·, ∆˜) is a topological bialgebra.
Finally, let (·, ·)G : Htwn ⊗Htwn → C denote Green’s Hermitian scalar product defined by
(1Mkα, 1Nkβ)G :=
δM,N
|Aut(M)| v
(α,β) .
This scalar product is a Hopf pairing, i.e.
(ab, c)G = (a⊗ b, ∆˜(c))G
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for any a, b, c ∈ Htwn . The restriction of (·, ·)G to Hn is nondegenerate.
Let’s recall the construction of the reduced Drinfeld double of the Hopf algebra Htwn . First
consider the pair of algebrasHtw,±n :
Htw,+n :=
⊕
F∈⊔ Mα,n
Q˜ 1+F ⊗Q˜ Kn and Htw,−n :=
⊕
F∈⊔ Mα,n
Q˜ 1−F ⊗Q˜ Kn .
In these notations Htw,±n = Htwn viewed as Q˜-algebras. The negative extended Hall algebraH
tw,−
n
is a topological Q˜-algebra with the opposite coproduct (cf. [DJX12, Section 2.4]).
Let’s use the Sweedler’s notations ∆˜
(
a±
)
= ∑i a
(1)±
i ⊗ a(2)±i . Then the Drinfeld double of Htwn
with respect to Green’s pairing (·, ·)G is the associative algebra D˜Hn, defined as the free product
of algebrasHtw,+n and H
tw,−
n subject to the following relations for all a, b ∈ Htwn :
∑
i,j
a
(1)−
i b
(2) +
j
(
a
(2)
i , b
(1)
j
)
G
= ∑
i,j
b
(1) +
j a
(2)−
i
(
a
(1)
i , b
(2)
j
)
G
.
The reduced Drinfeld double DHn is the quotient of D˜Hn by the two-sided ideal 〈k+α ⊗ k−−α −
1+ ⊗ 1− | α ∈ Knum0 (Xn)〉: this is a Hopf ideal and the reduced Drinfeld double DHn is again a
Hopf algebra. We have an isomorphism of Q˜-vector spaces
H+n ⊗Q˜ Kn ⊗Q˜ H−n
mult−−→ DHn ,
called the triangular decomposition of DHn.
Notation. We shall denote by H, Htw, D˜H and DH respectively H1, H
tw
1 , D˜H1 and DH1 i.e.,
the Hall algebra, the extended Hall algebra, the corresponding Drinfeld double and its reduced
version associated with the curve X. △
The exact functor π∗n induces injective homomorphism Mα,1 →֒ Mα,n which we still denote
by π∗n. This gives rise to maps
Ωn : H→ Hn , Ωn : Htw → Htwn
defined by
Ωn( f ) := (π
∗
n)!( f )
sending 1E to 1π∗nE for E ∈ Mα,1, α ∈ Knum0 (X), and k(r,d) to k(r, d δn) for (r, d) ∈ Knum0 (X). It is
easy to see that Ωn is a morphism of algebras. Let C be the Serre subcategory of Coh(Xn) gener-
ated by the simple objects nS1, . . . , nSn−1. Then the perpendicular category9 C⊥ is equivalent to the
category Coh(X). Therefore by [BS13, Theorem 3.3], we have an injective algebra homomorphism
Ωn : DH →֒ DHn.
Tensor multiplication by Ln induces isomorphism of algebras
Tn : Hn → Hn , Tn : Htwn → Htwn .
Note that T nn corresponds to the isomorphism induces by the functor ⊗ π∗nOX(p). There is an
induced algebra isomorphim Tn : DHn
∼−→ DHn.
4.2. Hecke algebra and Uυ(ĝl(n)). Let Tor(Xn) the category of zero-dimensional coherent shea-
ves on Xn and
Htorn :=
⊕
T ∈Tor(Xn)
Q˜1T and Htw,torn := Htorn ⊗Q˜ Kn .
Define for any closed point x ∈ Xn
Htorn,x :=
⊕
T ∈Torx(Xn)
Q˜ 1T and Htw,torn,x := Htorn,x ⊗Q˜ Kn .
9See [BS13, Definition 3.1] for the definition.
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The decomposition of Tor(Xn) over the closed points of Xn gives a decomposition at the level of
Hall algebras
Htorn =
⊗
x∈Xn
Htorn,x and H
tw,tor
n =
⊗
x∈Xn
Htw,torn,x .
4.2.1. Hecke algebra at the stacky point, Uυ(ŝl(n)) and Uυ(ĝl(n)). We briefly recall the description
of the (extended) Hall algebra associated with the category Torpn(Xn) by following [BS13, Sec-
tion 5.1] and references therein, for n ≥ 2.
We have a decomposition of Htorn,pn and H
tw,tor
n,pn according to their dimension vectors (see (3.3))
Htorn,pn =
⊕
d∈Zn
Htorn,pn [d] and H
tw,tor
n,pn =
⊕
d∈Zn
Htw,torn,pn [d] .
Recall that Torpn(Xn) is equivalent to the category Rep
nil
k
(
A
(1)
n−1
)
of nilpotent representations
of the cyclic quiver A
(1)
n−1 with n vertices over k.
As is customary, we call the composition subalgebra Cn ofH
tw,tor
n,pn the topological Q˜-Hopf algebra
generated by 1
nSi and k± nSi for i = 1, . . . , n. By [Rin93], we have the following result.
Proposition 4.2. The assignment
Ei 7→ υ1/2 1nSi , K±i 7→ k(0,±en,i) for i 6= 0 ,
E0 7→ υ1/2 1nSn , K±0 7→ k(0,±en,n) ,
(4.3)
defines an isomorphism between Cn and U
+
υ (ŝl(n))⊗Q˜ Q˜[δn].
Such an isomorphism extends to the whole Uυ
(
ŝl(n)
)
by setting
Fi 7→ −υ1/2 1−nSi for i 6= 0 , F0 7→ −υ
1/2 1−
nSn , (4.4)
yielding:
Corollary 4.3 ([Xia97]). The assignments (4.3) and (4.4) give an isomorphism between Uυ
(
ŝl(n)
)
and
the reduced Drinfeld double DCn of Cn.
Let r ∈ Z>0. Following Hubery [Hub05], define the element
ncr := ∑
F∈Torpn (Xn) : dim([F ])=rδn
socle(F ) square free
(−1)dimk End(F ) |Aut(F )| 1F ∈ Htw,torn,pn [rδn] . (4.5)
Recall that the socle of F is the maximal semisimple subsheaf of F . A semisimple sheaf of
Torpn(Xn) ≃ Repnil
(
A
(1)
n−1
)
is square free if it is isomorphic to ⊕ni=1 nS⊕nii with nj ≤ 1 for j =
1, . . . , n.
Moreover, define the element nzr ∈ Htw,torn,pn [rδn] by the recursion formula
nzr := r ncr −
r−1
∑
ℓ=1
nzℓ ncr−ℓ . (4.6)
nzr is a primitive element for any r ∈ Z>0, i.e., ∆˜(nzr) = nzr ⊗ 1+ k(0, rδn) ⊗ nzr. Denote by Zn
the center of Htw,torn,pn . As proved in loc.cit. (see also [Sch02] and [BS13, Theorems 5.3 and 5.4]),
Zn ≃ Q˜[nz1, nz2, . . . , nzr, . . .] and the canonical morphism
Zn ⊗Q˜ Cn
mult−−→ Htw,torn,pn
is an isomorphism of vector spaces over Q˜.
Remark 4.4. Note that our ncr’s and nzr’s differ from those introduced in [BS13, Theorem 5.4] by
the factor (−1)rq−rn. △
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Summarizing, we have the following result:
Corollary 4.5. We have a decomposition
Htw,torn,pn ≃ Q˜[nz1, nz2, . . . , nzr, . . .]⊗Q˜ U+υ (ŝl(n))⊗Q˜ Q˜[δn] .
It extends to the reduced Drinfeld double:
DHtw,torn,pn ≃ Hn ⊗An Uυ(ŝl(n)) =: Uυ(ĝl(n)) .
Here An := Q˜[C±n ] is the ring of Laurent polynomials in the variable Cn := kδn , Hn := Q˜〈nz±r | r ∈
Z>0〉 ⊗Q˜ An, subject to the relations
[nzr, nzt] := δr+t,0 (nzr, nzr)G (C
−r
n − Crn) and [nzr,C±n ] = 0 for r, t ∈ Z \ {0} .
Here we set nz±r := nz±r for r ∈ Z>0.
4.2.2. Spherical Hecke algebra of the curve. We shall now define the composition subalgebra ofHtw,tor.
For any positive integer d and any closed point x ∈ X define
10, d; x := ∑
T ∈Torx (X)
deg(T )=d
1T
and the element T0, d; x by the relation
1+ ∑
d≥1
10, d; x z
d = exp
(
∑
d≥1
T0, d; x
[d]
zd
)
.
Set 10, 0; x = T0, 0; x = 1. Now put
10, d := ∑
T ∈Tor(X)
deg(T )=d
1T .
and the elements T0, d, θ0, d in H
tw,tor via the relations
1+ ∑
d≥1
10, d z
d = exp
(
∑
d≥1
T0, d
[d]
zd
)
and 1+ ∑
d≥1
θ0, d z
d = exp
(
(υ− υ−1) ∑
d≥1
T0, d z
d
)
. (4.7)
We set also 10,0 = T0,0 = θ0,0 = 1. One has
1+ ∑
d≥1
10, d z
d = ∏
x∈X
(
1+ ∑
d≥1
10, d; x z
d
)
,
exp
(
∑
d≥1
T0, d
[d]
zd
)
= ∏
x∈X
(
exp
(
∑
d≥1
T0, d; x
[d]
zd
))
.
Lemma 4.6 ([Sch12, Example 4.12, Lemmas 4.50 and 4.51]). Let d be a positive integer. Then
• ∆˜(T0, d) = T0, d ⊗ 1+ k(0, d)⊗ T0, d.
• ∆˜(θ0, d) = ∑ds=0 θ0, sk(0, d−s)⊗ θ0, d−s.
• (T0, d, T0, d)G =
(
υ1−d #X(Fqd)[d]
)
/d(q− 1).
The sets {10, d | d ≥ 1}, {T0, d | d ≥ 1} and {θ0, d | d ≥ 1} all generate the same subalgebra
C = C1 of H
tw,tor. It is known that C = C[10,1, 10,2, . . .], i.e., the commuting elements 10, d for
d ≥ 1 are algebraically independent. Clearly, the same holds for the T0, d’s and the θ0, d’s.
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4.2.3. Spherical Hecke algebra of the root stack over a curve and and Uυ(ĝl(n)). Let U0n ⊂ Htwn be the
algebra generated by Ωn(C) and Cn. We call it the spherical Hecke algebra of Xn.
For r ∈ Z>0, define
nZr := ∑
d|r
∑
x∈X
deg(x)=d
nZr; x ,
where
nZr; p :=
[r]
r
nzr and nZr; x := Ωn(Tr; x) for x ∈ X \ {p} .
We have
∆˜(nZr) = nZr ⊗ 1+ k(0,rδn) ⊗ nZr .
Remark 4.7. In addition, the elements nZr commute and are algebraically independent. Note that
our definition of nZr differs from the one in [BS13, Section 6] by a factor (1− qrn)−1. △
Set Λn = Q˜[nZ1, nZ2, . . .] and K
0
n = Q˜[K
tor
0 (Xn)], where K
tor
0 (Xn) is the subgroup of K
num
0 (Xn)
of classes of torsion sheaves on Xn.
Proposition 4.8 (cf. [BS13, Proposition 6.3-(1)]). We have a decomposition
U0n ≃ Λn ⊗Q˜ U+υ (ŝl(n))⊗Q˜ K0n .
We have also a characterization of the reduced Drinfeld double of U0n.
Corollary 4.9 (cf. [BS13, Corollary 6.4]). We have a decomposition
DU0n ≃ Hn ⊗An Uυ(ŝl(n)) =: Uυ(ĝl(n)) . (4.8)
Here An := Q˜[C±n ] is the ring of Laurent polynomials in the variable Cn := kδn , Hn := Q˜〈nZ±r | r ∈
Z>0〉 ⊗Q˜ An, subject to the relations
[nZr , nZt] := δr+t,0 (nZr , nZr)G (C
−r
n − Crn) and [nZr ,C±n ] = 0 for r, t ∈ Z \ {0} .
Here we set nZ±r := nZ±r for r ∈ Z>0.
Remark 4.10. Let us fix a positive integer n ≥ 2. Note that Uυ(ŝl(n)) can be geometrically real-
ized as the reduced Drinfeld double of Cn, while Uυ(ĝl(n)) can be obtained as reduced Drinfeld
double of either the entire Hall algebra Htw,torn,pn of Torpn(Xn) or the spherical Hecke algebra U
0
n.
△
4.3. Spherical Hall algebra. For d ∈ Z, define
n1
ss
1, d := ∑
M∈Pic(X)
deg(M)=n⌊d⌋
1
π∗nM⊗L⊗ n{d}n .
Denote by U>n the subalgebra of H
tw
n generated by {1ss1, d | d ∈ Z}. We call it the (positive) spherical
Hall algebra of Htwn . We denote by U
> the positive spherical subalgebra of Htw = Htw1 .
We define the spherical Hall algebraUn as the subalgebra ofH
tw
n generated by U
0
n andU
>
n . First,
note that the canonical multiplication map
U>n ⊗Q˜ U0n
mult−−→ Un
is an isomorphism of Q˜-vector spaces (cf. [BS13, Proposition 6.5]).
SinceU0n is a Hopf algebra (cf. [BS13, Section 5.4]) and thanks to Proposition A.13,Un is a topo-
logical sub-bialgebra of Htwn . As a consequence, we have the following (cf. [BS13, Theorems 5.22
and 5.25]):
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Proposition 4.11. The canonical multiplication map
U
+
n ⊗Q˜ Kn ⊗Q˜ U
−
n
mult−−→ DUn
is an isomorphism of Q˜-vector spaces. Here U
±
n is the subalgebra of the reduced Drinfeld double DUn
generated by the elements 1±1, d, Ωn(T0, r)
± and 1±
nSi for d, r, i, j ∈ Z, r > 0, and 1 ≤ i ≤ n.
Moreover, there exists an injective algebra homomorphismDU →֒ DUn.
4.4. Shuffle algebra presentation of U>n . In this section, we shall provide a shuffle presentation
of U>n . To achieve this, we use the so-called constant term map, which is (a component of) the
maximal iterated coproduct .
Remark 4.12. In the following, In order to avoid cumbersome notation (cf. Remark 3.10), we
denote the element in Kn correspondly to a class π∗nM⊗L⊗ ℓn simply by k(1, d), where d =
deg(M)n+ ℓ. △
Let Hbunn be the Hall algebra associated with the exact subcategory consisting of locally free
sheaves on Xn. Then H
bun
n is a subalgebra of Hn, which is not stable under the coproduct. The
decomposition of a coherent sheaf into a locally free part and a torsion part gives rise to isomor-
phism
Hbunn ⊗Htorn → Hn and Hbunn ⊗Htorn ⊗Kn → Htwn
defined by the multiplication map; the comultiplication provides an inverse of this map. There
is a natural projection ωn : H
tw
n → Hbunn defined as follows: for any uv ∈ Hbunn , ut ∈ Htorn , (r, d) ∈
Z⊕Zn we set
ωn
(
uvutk(r, d)
)
=
{
uv if ut = 1 ,
0 otherwise .
In terms of functions, this map is simply the restriction of functions onMα to its open substack
Mbunα parametrizing vector bundles.
We may now define the constant term map. For r ≥ 1, define
Htwn [r] :=
⊕
α∈Knum0 (Xn)
rk(α)=r
Htwn [α] and U
>
n [r] := U
>
n ∩Htwn [r]
and denote by
∆˜1,...,1 : H
tw
n [r]→ Htwn [1]⊗̂ r
the corresponding component of the rfold iterated coproduct. For r ≥ 1 we set
Jr : U
>
n [r]→
(
U>n [1]
)⊗̂ r
, u 7→ ω⊗ rn ∆˜1,...,1(u) ,
and denote by J : U>n →
⊕
r (U
>
n [1])
⊗̂ r the sum of all the maps Jr. We call it the constant term map.
Lemma 4.13 (see e.g. [SV12, Lemma 1.5]). The constant term map J is injective.
Recall that a braided structure on a vector space W is an invertible linear map σ : W ⊗W →
W ⊗W satisfying the braid relation
(σ⊗ id) (id⊗ σ) (σ⊗ id) = (id⊗ σ) (σ⊗ id) (id⊗ σ) . (4.9)
Now, let Vn be the vector space C
n with basis vectors ~v0, . . . ,~vn−1. In the following, we shall
identify ⊗ki=1
(
C[x±1i ]⊗Vn
)
with C[x±11 , . . . , x
±k
k ]⊗ V⊗ kn . Let h(z) ∈ C(z) be a rational function.
Define the following map:
̟h : C[x±11 , x
±1
2 ]⊗V⊗ 2n → C[x±11 , x±12 ][[x1/x2]]⊗V⊗ 2n
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where the image under ̟h of x
d1
1 x
d2
2 ~vi1 ⊗~vi2 is
h(x1x
−1
2 ) υ
−1 1−x1x−12
1−υ−2 x1x−12
xd21 x
d1
2 ~vi2 ⊗~vi1 + h(x1x−12 ) 1−υ
−2
1−υ−2x1x−12
xd21 x
d1
2 ~vi1 ⊗~vi2 if i1 > i2 ,
h(x1x
−1
2 ) x
d2
1 x
d1
2 ~vi1 ⊗~vi2 if i1 = i2 ,
h(x1x
−1
2 ) υ
−1 1−x1x−12
1−υ−2 x1x−12
xd21 x
d1
2 ~vi2 ⊗~vi1 + h(x1x−12 ) 1−υ
−2
1−υ−2x1x−12
xd2+11 x
d1−1
2 ~vi1 ⊗~vi2 if i1 < i2 .
Here, the rational functions on the right-hand-side are developed as a Laurent series in x1/x2.
Example 4.14. Let h(z) = (q− z)/(1− qz). Then the previous formula simplifies as
υ x1−x2qx1−x2 x
d2
1 x
d1
2 ~vi2 ⊗~vi1 + 1−qqx1−x2 x
d2
1 x
d1
2 ~vi1 ⊗~vi2 if i1 > i2 ,
x1−qx2
qx1−x2 x
d2
1 x
d1
2 ~vi1 ⊗~vi2 if i1 = i2 ,
υ x1−x2qx1−x2 x
d2
1 x
d1
2 ~vi2 ⊗~vi1 + 1−qqx1−x2 x
d2+1
1 x
d1−1
2 ~vi1 ⊗~vi2 if i1 < i2 .
△
For any k ∈ Z>0 and 1 ≤ i ≤ k− 1, we denote by ̟hi the operator
id⊗ i−1⊗̟h ⊗ id⊗k−i−1 : C[x±11 , . . . , x±kk ]⊗V⊗ kn → C[x±11 , . . . , x±kk ][[x1/x2, . . . , xk−1/xk]]⊗V⊗ kn .
Finally, set ̟h0 := id. LetSk be the group of permutations on k letters. For σ ∈ Sk with reduced
expression σ = si1 · · · siℓ , where si = (i, i+ 1), we set
̟hσ := ̟
h
i1
◦̟hi2 ◦ · · · ◦ ̟hiℓ . (4.10)
Consider the following assignment: for any d ∈ Z
1ss1,d 7→ xn⌊d⌋~vn{d} . (4.11)
Thus we have (
U>n [1]
)⊗ r ≃ C[x±11 , . . . , x±1r ]⊗V⊗ rn ,(
U>n [1]
)⊗̂ r ≃ C[x±11 , . . . , x±1r ][[x1/x2, . . . , xr−1/xr]]⊗V⊗ rn .
Let
Shr,s :=
{
σ ∈ Sr+s
∣∣ σ(i) < σ(j) if 1 ≤ i < j ≤ r or r < i < j ≤ r+ s}
be the set of (r, s)-shuffle.
Theorem 4.15. Set
hX(z) :=
υ2(1−gX)ζX(z)
ζX(υ−2z)
.
Then
• ̟hX satisfies the relation (4.9).
• the vector space
Shvecn, h(z) := C⊕
⊕
r≥1
C[x±11 , . . . , x
±1
r ][[x1/x2, . . . , xr−1/xr]]⊗V⊗ rn ,
with the multiplication given by
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P(x1, . . . , xr)
r⊗
i=1
~vℓi ⋆ Q(x1, . . . , xs)
s⊗
k=1
~vjk :=
∑
σ∈Shr,s
̟
hX
σ
(
P(x1, . . . , xr)Q(xr+1, . . . , xr+s) ⊗
r+s⊗
i=1
~vci
)
where ci = ℓi for i = 1, . . . , r and cr+k = jk for k = 1, . . . , s, is an associative algebra. Moreover,
Shvecn, h(z) is equipped with a coproduct ∆ : Sh
vec
n,h(z) → Shvecn,h(z)⊗̂Shvecn,h(z) given by
∆u,w
(
x
d1
1 · · · xdrr ~vℓ1 ⊗ · · ·~vℓr
)
:=
(xd11 · · · xduu ~vℓ1 ⊗ · · ·~vℓu)⊗ (x
du+1
1 · · · xdrw ~vℓu+1 ⊗ · · ·~vℓr) and ∆ :=
⊕
r=u+w
∆u,w .
• the constant term map J : U>n → Shvecn,hX(z) is an algebra morphism such that
(Ju ⊗ Jw) ◦ (ωn ⊗ ωn) ◦ ∆u,w = ∆u,w ◦ Ju+w .
Proof. Let’s start by computing ∆˜1,1
(
n1
ss
1, d1
· n1ss1, d2
)
:
ω⊗ 2n ∆˜1,1
(
n1
ss
1, d1
· n1ss1, d2
)
= n1
ss
1, d1
⊗ n1ss1, d2 + ∑
e∈Z
e≥0
ω⊗ 2n
(
T n
{d1}
n
(
nθ0, e
)
k(1, d1−e) n1
ss
1, d2
⊗ n1ss1, d1−e
)
This can be seen as a “standard factor” appearing in J2. Now, we can apply Proposition A.10
∑
e∈Z≥0
ω⊗ 2n
(
T n
{d1}
n
(
nθ0, e
)
k(1, d1−e) n1
ss
1, d2
⊗ n1ss1, d1−e
)
= ∑
e∈Z≥0
υ((1, d1−e),(1, d2))ω⊗ 2n
(
T n
{d1}
n
(
nθ0, e
)
n1
ss
1, d2
k(1, d1−e) ⊗ n1ss1, d1−e
)
= ∑
e∈Z≥0
υ((1, d1−e),(1, d2))ω⊗ 2n
(
T n
{d1}
n
(
nθ0, e n1
ss
1, d2−n{d1}
)
k(1, d1−e) ⊗ n1ss1, d1−e
)
= ∑
e∈Z≥0
υ((1, d1−e),(1, d2)) ξ(d2−d1)e n1ss1, d2+e ⊗ n1ss1, d1−e .
Thus
∑
e∈Z≥0
ω⊗ 2n
(
T n
{d1}
n
(
nθ0, e
)
k(1, d1−e) n1
ss
1, d2
⊗ n1ss1, d1−e
)
=

υ2−2gX ∑
s∈Z≥0
ξs n1
ss
1, d2+s n
⊗ n1ss1, d1−s n if n{d2 − d1} = 0 ,
υ2−2gX ∑
s∈Z≥0
υ−1ξ◦s n1ss1, d2+s n⊗ n1ss1, d1−s n
+υ2−2gX ∑
s∈Z≥0
(ξs − q−1ξ◦s ) n1ss1, d2+s n+n{d1−d2} ⊗ n1
ss
1, d1−s n−n{d1−d2} if n{d2 − d1} 6= 0 .
Let us introduce the automorphism γ±m of U>n defined as
γ±m
(
n1
ss
1, d
)
:= n1
ss
1, d±m
for m ∈ Z. Denote by γ•i the operator γ• acting on the i-th component of the tensor product.
Then by using Corollaries A.11 and A.12 we get
ω⊗ 2n ∆˜1,1
(
n1
ss
1, d1
· n1ss1, d2
)
=
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n1
ss
1, d1
⊗ n1ss1, d2 + υ2−2gX ∑
s∈Z≥0
ξs
(
γs n1 γ
−s n
2
)
n1
ss
1, d2
⊗ n1ss1, d1 if n{d2 − d1} = 0 ,
n1
ss
1, d1
⊗ n1ss1, d2 + υ2−2gX ∑
s∈Z≥0
υ−1 ξ◦s
(
γs n1 γ
−s n
2
)
n1
ss
1, d2
⊗ n1ss1, d1
+υ2−2gX ∑
s∈Z≥0
(ξs − q−1ξ◦s )
(
γs n1 γ
−s n
2
) (
γ1γ
−1
2
)n{(d1−d2)/n}
n1
ss
1, d2
⊗ n1ss1, d1 if n{d2 − d1} 6= 0 .
=

n1
ss
1, d1
⊗ n1ss1, d2 + υ2−2gX
ζX(γ
n
1γ
−n
2 )
ζX(υ−2γn1γ
−n
2 )
n1
ss
1, d2
⊗ n1ss1, d1 if n{d2 − d1} = 0 ,
n1
ss
1, d1
⊗ n1ss1, d2 + υ2−2gX υ−1
ζX(γ
n
1γ
−n
2 )
ζX(υ−2γn1γ
−n
2 )
1− γn1γ−n2
1− υ−2γn1γ−n2
n1
ss
1, d2
⊗ n1ss1, d1
+υ2−2gX
ζX(γ
n
1γ
−n
2 )
ζX(υ−2γn1γ
−n
2 )
1− υ−2
1− υ−2γn1γ−n2
(
γ1γ
−1
2
)n{(d1−d2)/n}
n1
ss
1, d2
⊗ n1ss1, d1 if n{d2 − d1} 6= 0 .
Now, by using the assignment (4.11), the assertion follows from the same arguments of the cor-
responding result in the non-stacky case [SV12, Proposition 1.6]. 
The subspace Shvec,rat
n, h(z)
of Shvecn,h(z) consisting of Laurent series which are expansions of rational
functions form a subalgebra, which is moreover stable under the coproduct.
Corollary 4.16. U>n is isomorphic to the subalgebra S
vec
n, hX(z)
⊂ Shvec,rat
n, hX(z)
generated by the degree one
component in x. Moreover, the algebra Ωn(U>) is isomorphic to the subalgebra generated by the degree
one component in x of the image of the morphism of algebras
Ωn : Sh
vec
1, h(z) → Shvecn, hX(z) , P(x1, . . . , xr) 7→ P(x1, . . . , xr)~v0 ⊗ · · · ⊗~v0 .
4.4.1. Generic form. Observe that the positive spherical Hall algebra U>n depends only on the
genus gX of the curve X, the order n of the root stack and the Weil numbers α1, . . . , α2gX of X.
Therefore it possesses a generic form in the following sense (cf. [Lin14, Section 3.5]). Let us fix
g ≥ 0 and consider the torus
Tg := {(α1, . . . , α2g) ∈ (C∗)2g | α2i−1α2i = α2j−1α2j, ∀i, j} .
The Weyl group
Wg := Sg ⋉ (Z/2Z)g
naturally acts on Tg and the collection (α1, . . . , α2g) defines a canonical element αX in the quotient
Tg/Wg . Let Rg := Q[Tg]
Wg and let Kg be its localization at the multiplicative set generated by
{qs − 1 | s ≥ 1} where by definition q(α1, . . . , α2g) = α2i−1α2i for any 1 ≤ i ≤ g. For any choice
of a smooth geometrically connected projective curve X over k of genus g there is a natural map
Kg → C, f 7→ f (αX).
We can define a shuffle algebra Shvecn,hX(z),Kg over Kg and therefore U
>
n,Kg
. The (twisted) bial-
gebra structure and Green’s scalar product both depend polynomially on the {α1, . . . , α2g} and
hence may be defined over Kg. Let U
>
n,Rg
be the Rg-subalgebra of U
>
n,Kg
generated in degree
one over Rg. By construction, U
>
n,Rg
is a torsion-free integral form of U>n,Kg in the sense that
U>n,Rg ⊗Rg Kg = U>n,Kg . Moreover, there exists a specialization map
U>n,Rg → U>n ,
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to a fixed curve X of genus g. Finally, also U0n has an obvious generic form U
0
n,Kg
. We define
Un,Kg as the tensor product U
>
n,Kg
⊗U0n,Kg .
4.5. Hecke operators on line bundles and the fundamental representation of Uυ(ĝl(n)). Con-
sider
DU0n ≃ Uυ(ĝl(n)) := Hn ⊗An Uυ(ŝl(n))
(cf. Formula (4.8)). We define its fundamental representation as the Q˜-vector space
Vn =
⊕
d∈Z
Q˜~ud ,
with action given by
Fi • ~ud :=δn{d+i},0 υ1/2 ~ud+1 ,
Ei • ~ud :=δn{d+i},1 υ−1/2 ~ud−1 ,
K±i • ~ud :=υ±(δn{d+i},0−δn{d+i},1) ~ud ,
nZr • ~ud :=(nZr , nθ0,rn)G ~ud+rn ,
for i ∈ Z/nZ and r ∈ Z \ {0}.
Remark 4.17. The action of Uυ(ŝl(n)) on Vn defined in [KMS95, Section 1.1] is equivalent to ours
after a suitable normalization of the Fi’s and Ei’s and after exchanging the index i with−i mod n.
△
Consider the natural action of the Hall algebra Htw,torn on H
bun
n by means of Hecke operators
given by the formula
Htw,torn ⊗Hbunn → Hbunn , u0 ⊗ u 7→ u0 • u := ωn(u0 u) .
We have the following.
Theorem 4.18. Under the assignments (4.3), (4.4), and ~ud 7→ n1ss1, d the action of DU0n on U>n [1] coin-
cides with the action of Uυ(ĝl(n)) on Vn after applying the C-algebra automorphism
10
Φ(Ei) = Fi , Φ(Fi) = Ei , Φ(Ki) = Ki ,Φ(nZr) = nZr and Φ(υ) = υ
−1 .
Proof. First, by Corollary A.5, the action of 1
nSi on U
>
n [1] is given as
1
nSi • n1ss1, d = δn{d+i},0 υ−1 n1ss1, d+1 ,
for d, i ∈ Z, 1 ≤ i ≤ n. Moreover, for any c = (c1, . . . , cn) ∈ Zn, the element k(0,c) ∈ Kn acts as
k(0,c) • n1ss1,d = υcn−n{d}+1−cn−n{d} n1ss1,d , (4.12)
where formally we set cn+1 := c1. Finally, for r, d ∈ Z, r > 0, we have
nZr • n1ss1,d = (nZr , nθ0,rn)G 1ss1,d+rn . (4.13)
Indeed, although by definition nZr • n1ss1,d = ωn(nZr n1ss1,d) = ωn([nZr, n1ss1,d]), by using argu-
ments similar to those in the proof of [SV12, Proposition 1.2], one can see that [nZr , n1ss1,d] ∈ U>n
already. By using the Green pairing, we get (4.13).
The action of 1−
nSi , k
−
(0,c)
and nZ
−
r on U
>
n [1] is given by
1−
nSi • n1
ss,+
1, d = δn{d+i−1},0 n1
ss,+
1, d−1 ,
k−
(0,c)
• n1ss,+1,d = υcn−n{d}−cn−n{d}+1 n1ss,+1,d ,
10This automorphism can be found for example in [Bec94, Section 1].
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nZ
−
r • n1ss,+1,d = (nZr , nθ0,rn)G 1ss,+1,d−rn .
Thus the assertion follows. 
4.6. Tensor and symmetric tensor representations of Uυ(ĝl(n)). We can extend the Uυ(ĝl(n))-
action to U>n [1]
⊗ r, which we call r-th tensor representation of Uυ(ĝl(n)), and to U>n [1]⊗̂ r. We have
the following.
Proposition 4.19. Let r ∈ Z>0. Then the symmetrization operator Ψn,r
Ψn,r : U
>
n [1]
⊗ r → U>n [1]⊗̂ r , ~u1 ⊗ · · · ⊗~ur 7→ Jr(~u1 ⋆ · · · ⋆~ur)
is a Uυ(ĝl(n))-interwiner.
We call the image of Ψn,r, which is U
>
n [r], the symmetric tensor representation of Uυ(ĝl(n)) (of
genus gX).
5. RELATIONS BETWEEN DIFFERENT HALL ALGEBRAS
Letm, n ∈ Z≥2 be such that n|m. The exact functor π∗m,n (cf. Section 2.3) induces injective maps
Knum0 (Xn) →֒ Knum0 (Xm) andMα,n →֒ Mα,m, which we will still denote π∗m,n. Consider the Hall
algebras Hn and Hm. The maps π
∗
m,n give rise to an injective map
Ωm,n : Hn →֒ Hm
defined by
Ωm,n( f ) := (π
∗
m,n)!( f )
(extension by zero) or, at the level of characteristic functions,
Ωm,n(1F ) := 1π∗m,n(F ) , for all F ∈ Coh(Xn) .
It is easy to see that Ωm,n is a homomorphism of algebras and extends to a similar homomorphism
Ωm,n : H
tw
n →֒ Htwm . Moreover, Ωm = Ωm,n ◦Ωn and Ωm,n ◦ T in = T i m/nm ◦Ωm,n.
We have (cf. Section 3.2)
Ωm,n
(
1
nS (j)i
)
= 1
mS (j m/n)i m/n
, Ωm,n
(
nθ0, e
)
= mθ0, em/n , Ωm,n
(
n1
ss
1, d
)
= m1
ss
1, d m/n . (5.1)
By restriction, there are induced injective algebra homomorphisms Htw,torn,pn →֒ Htw,torm,pm , U0n →֒ U0m,
U>n →֒ U>m and Un →֒ Um.
Finally, the following morphism of shuffle algebras
Shvecn, hX(z) → Sh
vec
m, hX(z)
,
P(x1, . . . , xr)~vj1 ⊗ · · · ⊗~vjr 7→ P(xm/n1 , . . . , xm/nr )~vj1m/n ⊗ · · · ⊗~vjrm/n ,
fits into the commutative diagram
U>n U
>
m
Shvecn, hX(z) Sh
vec
m, hX(z)
.
Ωm,n
There is a dual surjective map
Ωm,n : Hm →֒ Hn
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defined by
Ωm,n( f ) := (π∗m,n)∗( f )
or, at the level of characteristic functions
Ωm,n(1G) :=
{
1F if π∗m,n(F ) ≃ G ,
0 if ∄ F , G ≃ π∗m,n(F ) .
The map Ωm,n is a morphism of coalgebras, and induces a similar morphism Ωm,n : Htwm →֒ Htwn .
Note that by construction Ωm,n ◦Ωm,n = Id, i.e. Ωm,n is a section of Ωm,n.
6. HALL ALGEBRA OF THE INFINITE ROOT STACK OVER A CURVE
6.1. Preliminaries on Hall algebras. As before, we let k = Fq and let X be a smooth geomet-
rically connected projective curve over k. Let π∞ : X∞ → X be the infinite root stack lim←−
n
Xn
introduced in Section 3.3.
Let (r, f ) ∈ Knum0 (X∞) ≃ Z ⊕ Z
S1
Q
0 and denote by M(r, f ) the set of isomorphism classes of
coherent sheaves on X∞ of class (r, f ). The Hall algebra of X∞ is, as vector space,
H∞ :=
⊕
(r, f )∈Knum0 (X∞)
H∞[r, f ] ,
where
H∞[r, f ] := {x : M(r, f ) → Q˜ | supp(x) is finite} =
⊕
F∈M(r, f )
Q˜ 1F .
Here 1F denotes the characteristic function of F ∈ M(r, f ). The product on H∞ is defined as in
Equation (4.1). We define Htw∞ as H∞ ⊗Q˜ Q[Knum0 (X∞)], with multiplication defined as
kαkβ = kα+β , k0 = 1 , kα1Fk−1α = υ(α,F) 1F ,
for F ∈ Coh(X∞) and α, β ∈ Knum0 (X∞).
Remark 6.1. Since for any n,m ∈ Z, n|m, the functor π∗m,n is fully faithful and the relation (3.8) for
Ext-groups hold, we have
H∞ ≃ lim→
n
Hn and H
tw
∞ ≃ lim→
n
Htwn
in the category of associative algebras. The exact functor π∗∞,n gives rise, as before, to maps
Ω∞,n : Hn →֒ H∞ and Ω∞,n : H∞ → Hn. △
In order to define a coproduct, we need to introduce a suitable completion. This is clear from
the fact that it is the inverse limit lim← Hn with respect to the maps Ω
m,n which carries a natural
coalgebra structure (see Section 5). Note that the sections Ωm,n provide an embedding H∞ →֒
lim← Hn andwe could defined the coproduct directly in this fashion. To make things more explicit,
we will instead follow the same setting as in Section 4.
Define
Ĥ∞ :=
⊕
(r, f )∈Knum0 (X∞)
Ĥ∞[r, f ] and Ĥ∞[r, f ] := {x : M(r, f ) → Q˜ } ,
We will identify elements in Ĥ∞[r, f ] with (possibly infinite) series
∑
F=(r, f )
aF1F
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with aF ∈ Q˜. Similarly, we define
H∞[r, f ]⊗̂H∞[s, g] := { f : M(r, f )×M(s,g) → Q˜}
and (
H∞⊗̂H∞
)
[m, h] := ∏
(m, h)=(r, f )+(s,g)
H∞[r, f ]⊗̂H∞[s, g] ,
H∞⊗̂H∞ :=
⊕
(m, h)∈Knum0 (X∞)
(
H∞⊗̂H∞
)
[m, h] .
Denote by n∆ the coproduct introduced in (4.2). For (r, f ), (r1, f1), (r2, f2) ∈ Knum0 (X∞), such that
(r, f ) = (r1, f1) + (r2, f2), and x ∈ H∞[r, f ] we define
∆(r1, f1),(r2, f2)(x) := lim←
n
n∆(r1,d f1 ),(r2,d f2 )
(Ω∞,n(x)) ∈ H∞[r1, f1]⊗̂H∞[r2, f2] .
Thus, we define the coproduct as
∆ : H∞[r, f ]→ ∏
(r1, f1)+(r2, f2)=(r, f )
H∞[r1, f1]⊗̂H∞[r2, f2] ,
x 7→ ∆(x) := ∑
(r1, f1)+(r2, f2)=(r, f )
∆(r1, f1),(r2, f2)(x) ,
and we extend to the whole H∞.
Proposition 6.2. The following properties hold:
• Ĥ∞ and H∞⊗̂H∞ are naturally equipped with the structure of associative algebras.
• ∆(r, f ),(s,g)
(
H∞[(r, f ) + (s, g)]
) ⊂ H∞[r, f ]⊗H∞[s, g].
• The coproduct ∆ takes values in H∞⊗̂H∞; it extends to a coassociative coproduct ∆ : Ĥ∞ →
H∞⊗̂H∞.
Proof. The first and the second points of the Proposition are both consequences of Corollaries 3.26
and 3.27. The third part of the Proposition is obvious. 
There exist an extended coproduct ∆˜ and a Green pairing (·, ·)G such that (Htw∞ , ·, ∆˜) is a Hopf
bialgebra. Therefore, there exist a Drinfeld double D˜H∞ and its reduced versionDH∞. Similarly,
we can define an extended version Ĥtw∞ of the completion Ĥ∞ such that (Ĥ
tw
∞ , ·, ∆˜) is a topological
bialgebra.
Thanks to Formula (3.5), we have an isomorphism of algebras T x∞ : H∞ → H∞ for any x ∈
Q ∩ [0, 1[ induced by T n{d}n : Hn → Hn, if x = d/n with gcd(d, n) = 1.
6.2. Hecke algebra and Uυ(sl(S1Q)). Let Tor(X∞) be the category of zero-dimensional coherent
sheaves on X∞ and
Htor∞ :=
⊕
T ∈Tor(X∞)
Q˜1T and Htw,tor∞ := Htor∞ ⊗Q˜ K∞ .
Define for any x ∈ X∞
Htor∞,x :=
⊕
T ∈Torx(X∞)
Q˜ 1T and Htw,tor∞,x := Htor∞,x ⊗Q˜ K∞ .
The decomposition of Tor(X∞) over the points of Xn gives a decomposition at the level of Hall
algebras
Htor∞ =
⊗
x∈X∞
Htor∞,x and H
tw,tor
∞ =
⊗
x∈X∞
Htw,tor∞,x .
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6.2.1. Hecke algebra at the stacky point and Uυ(sl(S1Q)). The elements υ
1/2 1
nS (ℓ)i
generate the whole
Htorn,pn , for i ∈ {1, . . . , n} and ℓ ∈ Z≥1. For any two positive integers n, k, we have
Ωkn,n : H
tor
n,pn → Htorkn,pkn , υ1/2 1nS (ℓ)i 7→ υ
1/2 1
knS (kℓ)ki
.
The pair (Htorn,pn ,Ωkn,n) forms a directed system where the order is given by divisibility. The
corresponding direct limit, lim→ H
tor
n,pn is the Hall algebra H
tor
∞,p∞ . One can argue similarly for
Htw,torn,pn and have lim→ H
tw,tor
n,pn ≃ Htw,tor∞,p∞ . In this section, we will investigate in detail these algebras.
For a strict rational interval J = [a, b[⊂ S1
Q
, with a < b, define
EJ := υ
1/2 1S J .
where SJ is defined in Formula (3.9). Similarly, for any rational interval I ⊆ S1Q, define
K±1I := k(0,±χI) .
Let C∞ be the subalgebra of H
tw,tor
∞,p∞ generated by the EJ ’s and by K
±
I ’s for all strict rational inter-
vals J and all rational intervals I. By the previous discussion,
C∞ ≃ lim→ Cn ≃ lim→ U
+
υ
(
ŝl(n)
)
.
Theorem 6.3. The algebra C∞ is isomorphic to the algebra generated by elements EJ and K
±
I for all strict
rational intervals J and all rational interval I in S1
Q
subject to the following relations:
• Drinfeld-Jimbo relations: for any two rational intervals I, J, with J strict,
K∅ = 1 , KI EJ K
−1
I = υ
(χI ,χ J) EJ ; (6.1)
• join relations:
– for any pair of strict rational intervals J1, J2 of the form J1 = [a, b[ and J2 = [b, c[ such that
J1 ∪ J2 is again an interval,
KJ KJ′ = KJ∪J′ ; (6.2)
– for any pair of strict rational intervals J1, J2 of the form J1 = [a, b[ and J2 = [b, c[ such that
J1 ∪ J2 is again a strict rational interval,
EJ1∪J2 = υ
1/2 EJ1 EJ2 − υ−1/2 EJ2 EJ1 ; (6.3)
• nest relations:
– for any two strict rational intervals J1, J2 such that J1 ∩ J2 = ∅,[
EJ1 , EJ2
]
= 0 ; (6.4)
– for any two strict rational intervals J1, J2 such that J1 ⊂ J2,
υ〈χ J1 ,χ J2〉 EJ1 EJ2 = υ
〈χ J2 ,χ J1〉 EJ2 EJ1 . (6.5)
Proof. Let A be the algebra generated by {EJ ,K±I | I, J ⊂ S1Q , J 6= S1Q} modulo the relations (6.1),
(6.2), (6.3), (6.4), and (6.5). Let us prove that the following Serre relations automatically hold in
A:
E2J1 EJ2 − [2]υ EJ1 EJ2 EJ1 + EJ2 E2J1 = 0 ;
E2J2 EJ1 − [2]υ EJ2 EJ1 EJ2 + EJ1 E2J2 = 0 ;
(6.6)
Indeed, let J1 = [a, b[, J2 = [b, c[ be strict rational intervals such that J1∪ J2 is strict: bymultiplying
first by the left Formula (6.3) by υ−1/2 EJ1 and then by the right the same formula by υ
1/2 EJ1 , we
get
E2J1 EJ2 − υ−1 EJ1 EJ2 EJ1 = υ−1/2 EJ1 EJ1∪J2 ,
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EJ2 E
2
J1
− υ EJ1 EJ2 EJ1 = −υ1/2 EJ1∪J2 EJ1 .
In the second formula, by using (6.5) for the intervals J1 and J1 ∪ J2 we get υ1/2 EJ1∪J2 EJ1 =
υ−1/2 EJ1 EJ1∪J2 . Then we obtain the first of the relations (6.6). The second one can be derived in
a similar fashion.
There is an obvious map φ : A → C∞, which is surjective. To prove that φ is injective, let us
consider the subalgebra An ⊂ A generated by EJ,K±J for J = [a, b[, a, b ∈ 1nZ. Then A =
⋃
nAn
(and An ⊆ Aℓn for all n, ℓ ∈ Z). It is enough to show that φ|An is injective for all n, but by (6.3)
we observe that An is generated by E[p/n,(p+1)/n[,K±[(p/n,(p+1)/n[ for p ∈ {0, . . . , n − 1} and by
(6.1), (6.2), (6.6), and (6.4) we have a map Cn → An which is a section of φ|An and the assertion
follows. 
Remark 6.4. One of the consequences of the previous theorem is that C∞ is only defined by qua-
dratic (!) relations. △
A direct computation gives the following formulas for the coproduct ∆˜:
∆˜(KI) = KI ⊗ KI ,
∆˜(E[a, b[) = E[a, b[⊗ 1+ ∑
a<c<b
υ−1/2 (υ− υ−1) E[a, c[ K[c, b[⊗ E[c, b[ + K[a, b[ ⊗ E[a, b[ , (6.7)
(here the sum on the right-hand-side runs over all possible rational values c ∈ [a, b[). In addition,
the Green pairing gives a non-degenerate Hopf pairing:
(EJ KI , EJ′ KI′)G =
δJ,J′
υ− υ−1 υ
(χI ,χI ′ ) , (6.8)
for any rational intervals J, J′, I, I′ ⊂ S1
Q
, with J, J′ strict. Thus, C∞ is a topological Hopf algebra.
Recall that for any n ≥ 2, Zn ⊗Q˜ Cn ≃ Htw,torn,pn , where Zn ≃ Q˜[nz1, nz2, . . . , nzr, . . .] is the center
of Htw,torn,pn (cf. Section 4.2.1). It is natural to wonder what happens for H
tw,tor
∞,p∞ .
Proposition 6.5. The center of Htw,tor∞,p∞ is trivial.
Proof. It is enough to define for any x ∈ Htw,tor∞,p∞ an element y ∈ Htw,tor∞,p∞ such that [x, y] 6= 0.
Assume that x = Ω∞,n(xn) for some xn ∈ Hn[d], where n is a positive integer and d ∈ Zn.
Among all the objects of Torpn(Xn) over which x takes a nonzero value, let us choose one which
contains an indecomposable summand, say nS (k)p , of maximal length. Let us set y := 12nS2p+1.
Thus the product y · x take a nonzero value on a torsion sheaf on X∞, which has as a direct
summand π∗∞,2n
(
2nS (2k+1)2p+1
)
. On the other hand, the product x · y takes nonzero values only
on torsion sheaves on X∞ of the form π
∗
∞,2n
(
2nS2p+1 ⊕ π∗2n,nM
)
for some M ∈ Torpn(Xn). In
particular, x · y 6= y · x. 
By passing to the reduced Drinfeld double of C∞, we obtain the following characterization.
Theorem 6.6. The algebra DC∞ is isomorphic to the algebra generated by elements EJ , FJ,K
±1
J′ , where J
(resp. J′) runs over all strict rational intervals (resp. rational intervals) in S1
Q
, modulo the following set of
relations:
• Drinfeld-Jimbo relations:
– for any rational intervals I, I1, I2 and strict rational interval J,
[KI1 ,KI2 ] = 0 ,
KI EJ K
−1
I = υ
(χI ,χ J) EJ ,
KI FJ K
−1
I = υ
−(χI ,χ J) FJ ;
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– if J1, J2 are strict rational intervals such that J1 ∩ J2 = ∅,
[FJ1 , EJ2 ] = 0 ; (6.9)
– for any strict rational interval J,
[EJ, FJ ] =
KJ − K−1J
υ− υ−1 ; (6.10)
• join relations:
– if J1, J2 are strict rational intervals of the form J1 = [a, b[ and J2 = [b, c[ such that J1 ∪ J2 is
again a rational interval,
KJ1 KJ2 = KJ1∪J2 ;
– if J1, J2 are strict rational intervals of the form J1 = [a, b[ and J2 = [b, c[ such that J1 ∪ J2 is
again a strict rational interval,
EJ1∪J2 = υ
1/2 EJ1 EJ2 − υ−1/2 EJ2 EJ1 ,
FJ1∪J2 = υ
−1/2 FJ2 FJ1 − υ1/2 FJ1 FJ2 ;
• nest relations:
– if J1, J2 are strict rational intervals such that J1 ∩ J2 = ∅,
[EJ1 , EJ2 ] = 0 and [FJ1 , FJ2 ] = 0 ;
– if J1, J2 are strict rational intervals such that J1 ⊆ J2,
υ〈χ J1 ,χ J2〉 EJ1 EJ2 = υ
〈χ J2 ,χ J1〉 EJ2 EJ1 ,
υ〈χ J1 ,χ J2〉 FJ1 FJ2 = υ
〈χ J2 ,χ J1〉 FJ2 FJ1 .
It is a topological Hopf algebra, with coproduct given by the following formulas:
∆˜(KJ) = KJ ⊗ KJ ,
∆˜(E[a, b[) = E[a, b[⊗ 1+ ∑
a<c<b
υ−1/2 (υ− υ−1) E[a, c[ K[c, b[⊗ E[c, b[ + K[a, b[ ⊗ E[a, b[ ,
∆˜(F[a, b[) = 1⊗ F[a, b[− ∑
a<c<b
υ−1/2 (υ− υ−1) F[c, b[⊗ F[a, c[ K−1[c, b[ + F[a, b[⊗ K−1[a, b[ .
Here the sums on the right-hand-side run over all possible rational values c ∈ [a, b[.
Proof. Denote temporarily by A the algebra generated by EJ , FJ,K±1J′ modulo the Drinfeld-Jimbo,
join and nest relations. A direct computation shows that the assignment
EJ 7→ υ1/2 1+S J , FJ 7→ −υ
1/2 1−S J , KJ 7→ K
+
J
induces a surjective morphism Ψ : A → DC∞. By Theorem 6.3, the restriction of Ψ to the sub-
algebras generated respectively by {EJ}J and by {FJ}J is injective. Thus we only need to check
that the defining relations of the Drinfeld double follow from the Drinfeld-Jimbo, join and nest
relations. In fact, it is enough to check the Drinfeld double relations for two elements u and v
belonging to a family of generators, such as the EJ. It is not hard to see that these relations follow
from (6.9) and (6.10) together with the join relations. 
Definition 6.7. We call the Hopf algebraDC∞ the quantum group Uυ(sl(S1Q)). ⊘
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6.2.2. Completion of the Hecke algebra at the stacky point. By Proposition 6.5, one of the discrepancies
between Htw,torn,pn , for a fixed positive integer n ≥ 2, and Htw,tor∞,p∞ is that the former has a nontrivial
center, while the center of the latter is trivial. As seen in Corollary 4.3, the reduced Drinfeld
double of Cn realizes geometrically Uυ(ŝl(n)), while by Corollary 4.5 Uυ(ĝl(n)) is given by the
reduced Drinfeld double of Htw,torn,pn : the center of H
tw,tor
n,pn forms the positive part of the quantum
Heisenberg algebra ofUυ(ĝl(n)). In the limit n→ ∞ this quantumHeisenberg algebra still exists,
but it does not lie in the center anymore.
As an attempt to recover a center, we introduce a metric completion ofHtw,tor∞,p∞ . First, we define
on Htor∞,p∞ a metric using the collection of subalgebras H
tor
n,pn . To unburden the notation, we will
drop the second index pn, p∞. Observe first that H
tor
n ·Htorm ⊂ Htorl.c.m.(m,n) ⊂ Htormn,pmn .
Definition 6.8. We call valuation of x ∈ Htor∞ the positive integer
val(x) := min{n | x ∈ Htorn } .
⊘
The function val : Htor∞ → Z>0 is submultiplicative, i.e.,
val(xy) ≤ l.c.m.(val(x), val(y)) ≤ val(x)val(y) .
Let ρ ∈]0, 1[. Define the metric on eachHtor∞ [ f ], for f ∈ N
S1
Q
0 , by
d(x, y) := ρval(x−y) ,
and denote by Htor∞ [ f ] its completion. We set
Htor∞ :=
⊕
f∈NS
1
Q
0
Htor∞ [ f ] .
Example 6.9. For any f ∈ NS
1
Q
0 , the element 1 f := ∑M 1M, with the sum ranging over all objects
in Tor(X∞) of dimension f , belongs to H
tor
∞ . △
Proposition 6.10. The algebra structure on Htor∞ extends uniquely to an algebra structure on H
tor
∞ .
Proof. Let us fix f1, f2 ∈ NQ/Z0 and set f = f1 + f2. We need to prove that the multiplication map
Htor∞ [ f1]⊗Htor∞ [ f2]→ Htor∞ [ f ] is uniformly continuous. In concrete terms, this means that we need
to bound from below the valuation of a product in terms of the valuation of each term. For this,
it is enough to show that for any objectM of dimension f , there exists ℓ ∈ Z>0 such that if 1M
appears in a product 1M1 · 1M2 with 1Mi ∈ Htor∞ [ fi], then Mi ∈ Htorℓ [ fi] for i = 1, 2. Let us assume
that a representative ofM is a torsion sheaf on Xn for some positive integer n, i.e., let us assume
thatM ∈ Torpn(Xn). Define ℓ as the smallest integer in nZ for which f1, f2 are locally constant
on every interval of the form [p/ℓ, (p+ 1)/ℓ[. LetM1,M2 be objects of Torp∞(X∞) of dimension
f1, f2. IfM1 has not a representative in Torpℓ(Xℓ), there exist indecomposable direct summands
SJ ,SK of M1 such that J = [a, b[,K = [b, c[ with b = p/q /∈ (1/ℓ)Z. This means that M1
admits a nonzero morphism M1 → π∗∞,q
(
qSq{1/q+a}
)
. Likewise, if M2 /∈ Torpℓ(Xℓ) then there
exist indecomposable direct summands SJ′ ,SK′ of M2 such that J′ = [a′, b′[,K′ = [b′, c′[ with
b = p′/q′ /∈ (1/ℓ)Z, and this means that there exists a nonzero morphism π∗∞,q
(
q′Sp′
)→M2. If
eitherM1 orM2 do not belong to Torpℓ(Xℓ), then for any extension
0→M2 →M′ →M1 → 0 ,
we either have Hom(M′,π∗∞,q
(
qSq{1/q+a}) 6= 0 or Hom(π∗∞,q
(
q′Sp′
)
,M′) 6= 0. In both cases we
conclude thatM′ does not belong to Torpℓ(Xℓ), and thus a fortiori not to Torpn(Xn). In particular,
we may not haveM≃M′ and the assertion follows. 
Lemma 6.11. The composition subalgebra C∞ is dense in H
tor
∞ .
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Proof. Let n be a positive integer. By [Sch04, Lemma 4.3],Htorn is generated by 1nSi , for 1 ≤ i ≤ n,
and the elements 1
nS (n)n , 1nS (2n)n , . . .. Observe that in H
tor
∞ we have
Ω∞,n
(
1
nS (kn)n
)
= Ω∞,nℓ
(
1
nℓS (knℓ)nℓ
)
,
for any pair of positive integers n, ℓ. Let us simply denote by xk this element. The lemma will be
proved once we show that xk belongs to the closure C∞ of C∞ in H
tor
∞ for any positive integer k.
We will prove this by induction on k and by some explicit computations. For k = 1, we have
x1 = lim
n→∞ E[0, 1n [ E[ 1n ,1[ .
Assume that for any i < k, we have xi ∈ C∞. Then Htor∞ [ f ] ⊂ C∞ for all f < kδ. On the other
hand, from
xk = lim
n→∞ υ
1/2 E[0, 1n [
· 1
nS (kn−1)n ,
we deduce that xk ∈ C∞ as wanted. 
We denote by Htw,tor∞ the extended version of the completion H
tor
∞ .
Let r ∈ Z>0 and consider the sequence
{
Ω∞,nℓ
(
nℓcr
)}
ℓ
inHtw,tor∞ . It follows from the definition
of the mcr’s (see Equation (4.5)) that such a sequence is Cauchy since the functor π
∗
m,k preserves
the square freeness of the socle of a torsion sheaf for any m, k ∈ Z>0, k|m. Thus, there exists the
limit
cr := lim
ℓ→+∞
Ω∞,nℓ
(
nℓcr
) ∈ Htw,tor∞ [r δ] .
Since the elements nc1, nc2, . . . commute and are algebraically independent for any positive inte-
ger n, the same holds for their respective limits c1, c2, . . .. Thanks to Formula (4.6), we can define
for any r ∈ Z>0 the element zr ∈ Htw,tor∞ [r δ]. Also, the elements z1, z2, . . . commute and are
algebraically independent.
Proposition 6.12. The center of Htw,tor∞ is Q˜[z1, z2, . . .].
Proof. For any x ∈ Htw,tor∞ such that x has a representative xn ∈ Htw,torn for some positive integer
m, we have
zr ·Ω∞,n(xn)−Ω∞,n(xn) · zr = lim
ℓ→+∞
Ω∞,nℓ
(
nℓzr ·Ωnℓ,n(xn)−Ωnℓ,n(xn) · nℓzr
)
= 0 .
This shows that z1, z2, . . . belong to the center of H
tw,tor
∞ . Conversely, let z ∈ Htw,tor∞ be a central
element. We may write z = limk→+∞ kz with kz ∈ Htw,torn . We claim that for any element
y ∈ Htw,tork , we have y · kz = kz · y. Since Torpk(Xk) is a full abelian subcategory of Torp∞(X∞),
any short exact sequence
0→M′ →M→M′′ → 0
of objects of Torp∞(X∞), in which two among M,M′,M′′ have a representative in Torpk(Xk),
comes from a short exact sequence inTorpk(Xk). In particular, all three objectsM,M′,M′′ belong
to Torpk(Xk). This implies that the restrictions of Ω∞,k(y) · z and z ·Ω∞,k(y) to objects of Torpk(Xk)
are equal to y · kz and kz · y respectively. Hence from the equality Ω∞,k(y) · z = z · Ω∞,k(y) we
deduce that y · kz = kz · y, therefore kz is a central element of Htw,tork , and so kz ∈ Q˜[kz1, kz2, . . .]
(cf. Section 4.2.1). Thus z ∈ Q˜[z1, z2, . . .] since the restriction maps Q˜[z1, z2, . . .] → Q˜[kz1, kz2, . . .]
are isomorphisms for all k. 
The coproduct, being uniformly continuous, extends naturally to Htw,tor∞ to yield a map
∆˜ : Htw,tor∞ [ f ]→ ∏
f1+ f2= f
Htw,tor∞ [ f1]⊗̂Htw,tor∞ [ f2] .
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Equipped with this coproduct,Htw,tor∞ is a topological bialgebra. In particular,
∆˜(zr) = zr ⊗ 1+ k(0,r δ) ⊗ zr .
Remark 6.13. The extension of the Green pairing to Htw,tor∞ is problematic. For instance, the se-
quence of elements {xℓ}ℓ, where
xℓ := ∑
n≤l
1
nS (n−1)n
⊕ 1
nS (1)n−1
,
is Cauchy, hence it converges to an element in Htw,tor∞ [δ]. However,
(xℓ, xℓ)G = ∑
n≤l
(υ− υ−1)2 = ℓ (υ− υ−1)2
does not converge. The elements 1 f for f ∈ N
S1
Q
0 , f 6= 0, are likewise of infinite norm. △
At this point, we could define a positive part of Uυ(gl(S1Q)) as Q˜[z1, z2, . . .]⊗Q˜ C∞. Because of
the remark above, it is not clear to us as to get a geometric definition of the whole Uυ(gl(S1Q)) by
considering a reduced Drinfeld double of the latter algebra.
We end this section by describing possible canonical and crystal bases for Htor∞ . For any posi-
tive integer n and f ∈ NS
1
Q
0 , let nX f stand for the stack of nilpotent Fq-representations of Z/nZ
of dimension nd f (cf. Formula (3.11) for the definition of nd f ). For any ℓ ≥ 1 there is a canoni-
cal open embedding nX f ⊂ nℓX f induced by the exact functor π∗nℓ,n : Coh(Xn) → Coh(Xnℓ). In
concrete terms, π∗nℓ,n identifies the stack of representation of Z/nZ of dimension nd f with the
open substack of representations of Z/nℓZ of dimension nℓd f for which the edges k → k + 1
are isomorphisms whenever k 6= 0 mod n. We obtain in this way a presentation of the stack of
torsion sheaves on X∞ supported at the stacky point p∞ as the direct limit
X f = lim→
n
nX f .
Now letM be an object ofTorp∞(X∞) of dimension f , and letOM be the substack ofX f parametriz-
ing sheaves isomorphic to M. There is a unique perverse sheaf IC(OM) ∈ Dbcst(X f )11 whose
restriction to each nX f is equal to IC
(
nOM,Qℓ), where nOM ⊂ nX f is the substack parametriz-
ing objects isomorphic toM (which may well be empty). We define the canonical basis of Htor∞ as
the collection of elements B := {bM |M ∈ Torp∞(X∞)}, where
bM = ∑
N
∑
i
υ−2i dim
(
Hi
(IC(OM)|ON )1N ∈ Htor∞ .
Here the sum runs over all N ∈ Torp∞(X∞) satisfying dim(N ) = dim(M). The following is
immediate.
Proposition 6.14. The set B is a topological basis of Htor∞ , i.e., it spans a dense subspace of H
tor
∞ .
Remark 6.15. There is a similar extension to the setting of Htor∞ of the theory of crystal bases, as
expounded by Kashiwara-Saito, and based on the geometry of the cotangent stack. Indeed, T∗X f
(or its underived component) is equal to a direct limit of open finite type substacks T∗nX f , and
we may define a Lagrangian substack Λ f as the direct limit of the Lusztig nilpotent Lagrangian
varieties nΛ f ⊂ T∗nX f . Then Λ f is a pure-dimensional stack, locally of finite type, and the set of
irreducible components of Λ =
⊔
f Λ f is in bijection with B and carries the structure of a crystal
graph with operators e˜J , f˜ J labelled by rational intervals J ( S1Q . △
11By definition, Dbcst
(X f ) = lim←
n
Dbcst
(
nX f ).
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6.2.3. Hecke algebra of the infinite root stack over a curve and Uυ(gl(S1Q)). Let U
0
∞ be the subalgebra
of Htw∞ generated by Ω∞,1(C) and C∞. One can easily show that it is a topological Hopf algebra,
hence there exists a reduced Drinfeld double DU0∞.
As before, we can introduce a completion U0∞ which is an associative algebra by the same
arguments as in the proof of Proposition 6.10. Let r ∈ Z>0. First note that the nZr’s belong to U0∞
(cf. the proof of [BS13, Proposition 6.3]). The sequence {Ω∞,nℓ
(
nℓZr
)}ℓ in U0∞ is Cauchy, hence
there exists a limit
Zr := lim
ℓ→+∞
Ω∞,nℓ
(
nℓZr
) ∈ U0∞ .
Since the elements nZ1, nZ2, . . . commute and are algebraically independent for any positive inte-
ger n, the same holds for their respective limits Z1,Z2, . . .. In addition, the dimension of Zr is r δ.
By using the same arguments as in the proof of Proposition 6.12, the elements Z1,Z2, . . . generate
the center of U0∞.
Remark 6.16. A possible candidate for being Uυ(gl(S1Q)) is DU
0
∞, but it is not true that we can
decompose it as a commuting tensor product of a Heisenberg algebra and Uυ(sl(S1Q)). On the
other hand, as we will show in Section 7, it contains as a subalgebra the quantum enveloping
algebra Uυ(ĝl(∞)) of the affinization of gl(∞).
Another candidate for being at least a positive part of Uυ(gl(S1Q)) is U
0
∞, but at the moment
we do not know how to extend the Green pairing to the completion in order to take the reduced
Drinfeld double of it, because of elements of infinite norm as the Zr’s (see also Remark 6.13). △
6.3. Shuffle algebra presentation of U>∞. For x ∈ Q, define
1ss1, x := ∑
M∈Pic(X)
deg(M)=⌊x⌋
1
π∗∞M⊗L⊗{x}∞
.
Let U>∞ be the subalgebra of H
tw
∞ generated by {1ss1, x | x ∈ Q}. We call it the positive spherical
algebra of Htw∞ . As before, we will give a shuffle presentation of U
>
∞.
For y ∈ Q≥0, define
θ0, y := Ω∞,m
(
mθ0, e
)
if y = e/mwith gcd(e,m) = 1. One can check that this quantity is well defined by Formulas (5.1).
Proposition 6.17. Let x ∈ Q be such that x = d/k with gcd(d, k) = 1. Then
∆˜
(
1ss1, x
)
= 1ss1, x ⊗ 1+ ∑
y∈Q≥0
T
{x}
∞
(
θ0, y
)
k(1, x−y)⊗ 1ss1, x−y .
Proof. By construction, 1ss1, x = Ω∞,k(k1
ss
1, d) if x = d/k with gcd(d, k) = 1. Therefore, by definition
of ∆˜, we need to compute lim←
n
n∆˜
(
π∗n,k(k1
ss
1, d)
)
. By Proposition A.13, we have
n∆˜
(
π∗n,k(k1
ss
1, d)
)
= n∆˜
(
n1
ss
1, dn/k
)
= n1
ss
1, dn/k⊗ 1+ ∑
e∈Z≥0
T
n{d/k}
n
(
nθ0, e
)
k(1, dn/k−e)⊗ n1ss1, dn/k−e .
By passing to the limit, the assertion follows. 
Denote by Hbun∞ the Hall algebra associated with the exact subcategory consisting of locally
free sheaves on X∞. Let us define ω∞ : H
tw
∞ → Hbun∞ as
ω∞(x) := Ω∞,nωn(xn) ,
if x = Ω∞,n(xn). The following version of Proposition A.10 is straightforward to prove.
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Lemma 6.18. Let x ∈ Q. Then
ωn
(
∑
e∈Q≥0
θ0, e n1
ss
1, x
)
= ∑
α∈Q≥0
ξ
(x)
α n1
ss
1, x+α ,
where
ξ
(d)
α :=

ξα if {x} = 0, {α} = 0 ,
ξ⌊α⌋ − q−1 ξ◦⌊α⌋ if {x} 6= 0, {x + α} = 0 ,
ξ◦⌊α⌋ if {x} 6= 0, {α} = 0 ,
0 otherwise .
Now we shall follow similar approach as in Section 4.4. For r ≥ 1, define
Htw∞ [r] :=
⊕
α∈Knum0 (X∞)
rk(α)=r
Htw∞ [α] and U
>
∞[r] := U
>
∞ ∩Htw∞ [r] .
As before, we define for r ≥ 1
Jr : U
>
∞[r]→
(
U>∞[1]
)⊗̂ r
, u 7→ ω⊗ r∞ ∆1,...,1(u) ,
and J : U>∞ →
⊕
r (U
>
∞[1])
⊗̂ r, given by the sum of all the maps Jr, is injective.
Let V∞ be an infinite-dimensional vector space with basis {~vx | x ∈ S1Q}. Let us consider the
following assignment: for any a ∈ Q
1ss1,a 7→ x⌊a⌋ ⊗~v{a} . (6.11)
Thus we have (
U>∞[1]
)⊗ r ≃ C[x±11 , . . . , x±1r ]⊗V ⊗r∞ ,(
U>∞[1]
)⊗̂ r ≃ C[x±11 , . . . , x±1r ][[x1/x2, . . . , xr−1/xr ]]⊗V ⊗r∞ .
For any rational function h(z) ∈ C(z), define the map ̟h which assigns to xd11 xd22 ~v1, a1 ⊗~v2, a2, the
following:
h(x1x
−1
2 ) υ
−1 1−x1x−12
1−υ−2 x1x−12
x
d2
1 x
d1
2 ~v1, a2 ⊗~v2, a1 + h(x1x−12 ) 1−υ
−2
1−υ−2x1x−12
x
d2
1 x
d1
2 ~v1, a1 ⊗~v2, a2 if a1 > a2 ,
h(x1x
−1
2 ) x
d2
1 x
d1
2 ~v1, a1 ⊗~v2, a2 if a1 = a2 ,
h(x1x
−1
2 ) υ
−1 1−x1x−12
1−υ−2 x1x−12
x
d2
1 x
d1
2 ~v1, a2 ⊗~v2, a1 + h(x1x−12 ) 1−υ
−2
1−υ−2x1x−12
x
d2+1
1 x
d1−1
2 ~v1, a1 ⊗~v2, a2 if a1 < a2 .
For any permutation σ, we define ̟hσ as in Formula (4.10).
Proposition 6.19. Set
hX(z) :=
υ2(1−gX)ζX(z)
ζX(υ−2z)
.
Then
• the map ̟hX satisfies the braid relation.
• the vector space
Shvec∞, hX(z)
:= C⊕⊕
r≥1
C[x±11 , . . . , x
±1
r ][[x1/x2, . . . , xr−1/xr ]]⊗V⊗ r∞ ,
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with the multiplication given by
P(x1, . . . , xr)
r⊗
i=1
~vi,ℓi ⋆ Q(x1, . . . , xs)
s⊗
k=1
~vk,jk :=
∑
σ∈Shr,s
̟
hX
σ
(
P(x1, . . . , xr)Q(xr+1, . . . , xr+s) ⊗
r+s⊗
i=1
~vi,ci
)
where ci = ℓi for i = 1, . . . , r and cr+k = jk for k = 1, . . . , s, is an associative algebra. Moreover,
Shvec∞, h(z) is equipped with a coproduct ∆ : Sh
vec
∞,h(z) → Shvec∞,h(z)⊗̂Shvec∞,h(z) given by
∆u,w
(
x
d1
1 · · · xdrr ~v1,ℓ1 ⊗ · · ·~vr,ℓr
)
:=
(xd11 · · · xduu ~v1,ℓ1 ⊗ · · ·~vu,ℓu)⊗ (x
du+1
1 · · · xdrw ~v1,ℓu+1 ⊗ · · ·~vw,ℓr) and ∆ :=
⊕
r=u+w
∆u,w .
• the constant term map J : U>∞ → Shvec∞,hX(z) is an algebra morphism such that
(Ju ⊗ Jw) ◦ (ωn ⊗ ωn) ◦ ∆u,w = ∆u,w ◦ Ju+w .
U>∞ is isomorphic to the subalgebra S
vec
∞, hX(z)
⊂ Shvec,rat
∞, hX(z)
generated by the degree one component in x.
Moreover, the algebra Ω∞(U>) is isomorphic to the subalgebra generated by the degree one component
in x of the image of the morphism of algebras
Ω∞ : Sh
vec
1, h(z) → Shvec∞, hX(z) , P(x1, . . . , xr) 7→ P(x1, . . . , xr)⊗
r⊗
i=1
~vi,0 .
Proof. We follow arguments similar to those in the proof of Proposition 4.15. By using Propo-
sition 6.17 and Lemma 6.18, we can derive the following formula for the “standard factor” in
J2:
∑
e∈Z≥0
m|k
ω⊗ 2∞
(
T
{d/m}
∞
(
θ0, e/k
)
k(1, d/m−e/k) 1ss1, ℓ/n⊗ 1ss1, d/m−e/k
)
=
= δ{ℓ/n−d/m},0 υ2−2gX ∑
s∈Z≥0
ξs 1
ss
1, ℓ/n+s⊗ 1ss1, d/m−s + (1− δ{ℓ/n−d/m},0)υ2−2gX
× ∑
s∈Z≥0
(
υ−1 ξ◦s 1ss1, ℓ/n+s⊗ 1ss1, d/m−s+ (ξs− q−1 ξ◦s ) 1ss1, ℓ/+s+{d/m−ℓ/n}⊗ 1ss1, d/m−s−{d/m−ℓ/n}
)
.
Let us introduce the automorphism γ±m of U>n defined as
γ±m
(
1ss1, x
)
:= 1ss1, x±m
for m ∈ Q. Denote by γ•i the operator γ• acting on the i-th component of the tensor product. By
using Corollaries A.11 and A.12 the previous quantity is equal to
δ{ℓ/n−d/m},0 υ2−2gX ∑
s∈Z≥0
ξs (γ1γ
−1
2 )
s 1ss1, ℓ/n⊗ 1ss1, d/m + (1− δ{ℓ/n−d/m},0)
× υ2−2gX ∑
s∈Z≥0
(
υ−1 ξ◦s (γ1γ−12 )
s + (ξs − q−1 ξ◦s ) (γ1γ−12 )s (γ1γ−12 ){d/m−ℓ/n}
)
1ss1, ℓ/n⊗ 1ss1, d/m .
The assertion follows from the assignment (6.11). 
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6.4. Hecke operators on line bundles and the fundamental representation of Uυ(sl(S1Q)). We
define the fundamental representation of Uυ(sl(S1Q)) as the Q˜-vector space
VS1
Q
=
⊕
y∈Q
Q˜~uy ,
with action given by
F[a,b[ •~uy =δ{b+y},0 υ1/2 ~uy+b−a ,
E[a,b[ •~uy =δ{a+y},0 υ−1/2 ~uy+a−b ,
K±
[a′,b′ [ •~uy =υ
±(δ{b′+y},0−δ{a′+y},0) ~uy ,
for rational intervals [a, b[, [a′, b′[⊆ S1
Q
, with [a, b[ strict, and y ∈ Q.
The action of the Hall algebraHtw,tor∞ on H
bun
∞ is given as
Htw,tor∞ ⊗Hbun∞ → Hbun∞ , u0 ⊗ u 7→ u0 • u := ω∞(u0 u) .
Thus we have the following.
Theorem 6.20. The natural action of Uυ(sl(S1Q)) on U
>
∞[1] is isomorphic to VS1
Q
after applying the
automorphism
Φ(EJ) = FJ , Φ(FJ) = EJ , Φ(KJ′) = KJ′ , Φ(υ) = υ
−1 . (6.12)
Proof. By using Corollary A.7, one can easily derive the action of F[a,b[ and E[a,b[. By Formula
(4.12), we have
K±χ[a′,b′ [ • 1
ss
1, y = υ
±(δ{a′+y},0−δ{b′+y},0) 1ss1, y ,
for a rational interval [a′, b′[⊆ S1
Q
and y ∈ Q. 
6.5. Tensor and symmetric tensor representations of Uυ(sl(S1Q)). Also in this case, we can ex-
tend the Uυ(sl(S1Q))-action to U
>
∞[1]
⊗ r, which we call r-th tensor representation of Uυ(sl(S1Q)), and
to U>∞[1]
⊗̂ r. We have the following.
Proposition 6.21. Let r ∈ Z>0. Then the symmetrization operator Ψ∞,r given by the multiplication
Ψ∞,r : U
>
∞[1]
⊗ r → U>∞[1]⊗̂ r
is a Uυ(sl(S1Q))-interwiner.
We call the image of Ψ∞,r, which is U
>
∞[r], the symmetric tensor representation of Uυ(sl(S
1
Q
)) (of
genus gX).
6.6. Representation of the completedHecke algebra. Let us now consider the subalgebra Λ⊗
Q˜
C∞ of the completed Hecke algebra U
0
∞, where Λ := Q˜[Z1,Z2, . . . ,Zr , . . .] is the center of U
0
∞.
First note that, by Proposition 3.28 and Corollaries 3.29 and 3.30, there does not exist a com-
pletion of Hbun∞ similar to H
tw,tor
∞,p∞ .
We define the fundamental representation of Λ⊗
Q˜
C∞ and U
0
∞ as the Q˜-vector space
V =
⊕
y∈Q
Q˜~uy ,
with action given by
1S[a,b[ • ~uy =δ{b+y},0 υ−1 ~uy+b−a ,
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K±χ[a,b[ • ~uy =υ
±(δ{a+y},0−δ{b+y},0) ~uy ,
Zr • ~uy =(nZr , nθ0,rn)G ~uy+r ,
for any rational interval [a, b[⊂ S1
Q
and y = d/n ∈ Q, with g.c.d.(d, n) = 1.
Thanks to Corollary 3.30, the action of the Hall algebra U0∞ on H
bun
∞ extends to U
0
∞. We have:
Theorem 6.22. The natural action of Λ⊗
Q˜
C∞ and U
0
∞ on U
>
∞[1] is isomorphic to V.
7. COMPARISONS WITH Uυ
(
ŝl(+∞)) AND Uυ
(
ŝl(∞))
Let
1 2 3 4 n− 1 n
• • • • • •
be the Dynkin diagram of type An. We can consider two different limits for n→ +∞: the infinite
Dynkin diagram
• • • •
which gives rise to the infinite dimensional Lie algebra sl(+∞), and the infinite Dynkin diagram
• • • • • (7.1)
which corresponds to the infinite dimensional Lie algebra sl(∞). One can define the quan-
tum groups Uυ(sl(+∞)) and Uυ(sl(∞)) using the Drinfeld-Jimbo presentation (see for example
[AJL12, Section 2]). In the present section, we relate the quantum affinization of such quantum
groups to our algebras Uυ(sl(S1Q)) = DC∞ and DU
0
∞.
Let us start by realizing geometrically Uυ(ŝl(+∞)) as a direct limit of associative algebras.
Let n be a positive integer and consider the Serre subcategory add
(
(n+1)S (1)n+1
)
of Torpn+1(Xn+1)
generated by the simple torsion sheaf (n+1)S (1)n+1. As described in [BS13, Section 4.10], the Serre
quotient Torpn+1(Xn+1)/add
(
(n+1)S (1)n+1
)
is equivalent to Torpn(Xn): there exists an exact fully
faithful functor
Torpn(Xn) → Torpn+1(Xn+1)
such that
nSn 7→ (n+1)S (2)1 and nSi 7→ (n+1)Si+1 for i = 1, . . . , n− 1 .
Let us denote by ın,n+1 : Torpn(Xn) → Torpn+1(Xn+1) the composition of such a functor with the
equivalence given by tensoring by Ln+1. We have
ın,n+1
(
nSn
)
= (n+1)S (2)(n+1) and ın,n+1
(
nSi
)
= (n+1)Si for i = 1, . . . , n− 1 . (7.2)
By [BS13, Theorem 3.3], we have an injective algebra homomorphism of the reduced Drinfeld
doubles ın,n+1 : DH
tw,tor
n,pn → DHtw,torn+1,pn+1 and therefore an injective algebra homomorphism
ın,n+1 : DCn → DCn+1 .
Here and in the following, by abuse of notation we denote in the same way the functor (7.2) and
the homomorphisms of algebras induced by it.
We define Uυ(ŝl(+∞)) as the direct limit
Uυ
(
ŝl(+∞)) := lim→
n
DCn
Uυ(sl(S1)) AND THE INFINITE ROOT STACK OF A CURVE 49
with respect to the directed system of associative algebras (DCn, ın,n+1). Now, let us relate it to
Uυ(sl(S1Q)). Define a discrete family {αn}n∈Z of rational numbers αn by
αn :=

1− 1
2n+1
for n ≥ 0 ,
1
2−n+1
for n ≤ 0 .
Define the injective homomorphism Φn,+∞ : Cn → Htw,tor∞,p∞ of algebras sending
1
nSn 7→ 1S[αn−1, 1/2[ and 1nSi 7→ 1S[αi−1, αi [ for i = 1, . . . , n− 1 ,
k(0,±en,n) 7→ K∓[αn−1,1/2[ and k(0,±en,i) 7→ K
∓
[αi−1,αi[
for i = 1, . . . , n− 1 .
The homomorphism Φn,+∞ is compatible with the homomorphism ın,n+1 : Cn → Cn+1, i.e., we
have a commutative diagram of associative algebras
Cn H
tw,tor
∞,p∞

Cn+1 H
tw,tor
∞,p∞
.ın,n+1
Φn,+∞
id
Φn+1,+∞
Such a compatibility holds at the level of the reduced Drinfeld doubles. In particular, we obtain
the following.
Proposition 7.1. The homomorphisms Φn,+∞ induce an injective homomorphism of associative algebras
Φ+∞ : Uυ
(
ŝl(+∞))→ Uυ(sl(S1Q)) .
If we see add
(
(n+1)S (1)n+1
)
as a Serre subcategory of Tor(Xn+1) and consider the correspond-
ing Serre quotient, we obtain an exact fully faithful functor ın,n+1 : Tor(Xn) → Tor(Xn+1) and
therefore an injective homomorphism of algebras (cf. [BS13, Theorem 5.25])
ın,n+1 : DU
0
n → DU0n+1 , i.e., ın,n+1 : Uυ(ĝl(n))→ Uυ(ĝl(n+ 1)) .
We call Uυ(ĝl(+∞)) the direct limit
Uυ
(
ĝl(+∞)) := lim→
n
DU0n
with respect to the directed system of associative algebras (DU0n, ın,n+1). By using similar ar-
guments than before, we obtain injective homomorphisms Φn,+∞ : DU
0
n → DU0∞ (note that the
generators Ωn(Tr) are sent to Ω∞(Tr)).
Proposition 7.2. The homomorphisms Φn,+∞ induce an injective homomorphism of associative algebras
Φ+∞ : Uυ
(
ĝl(+∞))→ DU0∞ .
Now we turn to the second type of limit of the An Dynkin quiver (7.1). By using again Serre
quotients, we can define an exact fully faithful functor n,n+2 : Torpn(Xn) → Torpn+2(Xn+2) send-
ing
nSn 7→ ın+1,n+2
(
n+1S (2)1
)
and nSi 7→ n+2Si+1 for i = 1, . . . , n− 1 .
Then there is a corresponding injective homomorphism of algebras n,n+2 : DCn → DCn+2 and a
directed system (DCn, n,n+2). We define Uυ(ŝl(∞)) as the direct limit
Uυ
(
ŝl(∞)) := lim→
n
DCn .
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As before, by working over the category of all torsion sheaves on Xn and Xn+2, we can obtain a
directed system (DU0n, n,n+2). We define Uυ(ĝl(∞)) as the direct limit
Uυ
(
ĝl(∞)) := lim→
n
DU0n .
Remark 7.3. In [Her11], Hernandez defined the quantum group Uυ(ŝl(∞)) as a quantum affiniza-
tion of Uυ(sl(∞)) by using a “Drinfeld presentation” (see also [Man15]). Our approach to this
quantum affinization is somewhat different and only involves Drinfeld-Jimbo type relations.
△
Fixing the discrete family {αn}n∈Z as before, let us consider the assignment
1
nSn 7→ 1S[α⌊n/2⌋+2{n/2}, α−⌊n/2⌋+1[ and 1nSi 7→ 1S[α−⌊n/2⌋+i, α−⌊n/2⌋+i+1[ for i = 1, . . . , n− 1 ,
k(0,±en,n) 7→ K∓[α⌊n/2⌋+2{n/2}, α−⌊n/2⌋+1[ and k(0,±en,i) 7→ K
∓
[α−⌊n/2⌋+i, α−⌊n/2⌋+i+1[
for i = 1, . . . , n− 1 .
These define injective homomorphism of associative algebrasΦn,∞ : DCn → DC∞ and Φn,∞ : DU0n →
DU0∞ compatible with the n,n+2. As before, we have the following.
Proposition 7.4. The homomorphisms Φn,∞ induce, respectively, injective homomorphisms of associative
algebras
Φ∞ : Uυ
(
ŝl(∞))→ Uυ(sl(S1Q)) and Φ∞ : Uυ
(
ĝl(∞))→ DU0∞ .
APPENDIX A. SOME RESULTS FROM [Lin14]
In this section we provide the proofs of some of the results in [Lin14], which are used in the
main body of the paper. This is done in order to avoid possible confusions since our assump-
tions differ sometimes from loc.cit. (for example, the orientation of the cyclic quiver we chose
in the main body of the paper is the opposite of the one in loc.cit.). We will follow the notation
introduced in Sections 3.1 and 4.
Lemma A.1. Let 1 ≤ i ≤ n and 1 < j < n. Then
1
nS (j)i
= υ 1
nS (1)n{i+1−j}
1
nS (j−1)i
− 1
nS (j−1)i
1
nS (1)n{i+1−j}
.
Here, we set formally nS (ℓ)0 := nS (ℓ)n for any positive integer ℓ.
Proof. First note, that because of our assumption on j, we have
〈[nS (j−1)i ], [nS (1)n{i+1−j}]〉 = 0
〈[nS (1)
n{i+1−j}], [nS
(j−1)
i ]〉 =
{−1 if n{i+ 1− j} = 0 ,
0 otherwise .
By applying the functor Hom(·, nS (1)
n{i+1−j}) to the short exact sequence
0→ L⊗−in → L⊗ j−1−in → nS (j−1)i → 0 , (A.1)
we obtain
0→ Hom(nS (j−1)i , nS (1)n{i+1−j}) → Hom(L
⊗ j−1−i
n , nS (1)
n{i+1−j})→ · · ·
Since Hom(L⊗ j−1−in , nS (1)
n{i+1−j}) ≃ H0(Xn, nS
(1)
n ) = 0, we get
Hom(nS (j−1)i , nS (1)n{i+1−j}) = 0 , Ext
1(nS (j−1)i , nS (1)n{i+1−j}) = 0 .
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Now, by applying the functor Hom(nS (1)
n{i+1−j}, ·) to the short exact sequence (A.1), we obtain
· · · → Ext1(nS (1)
n{i+1−j},L
⊗ j−1−i
n ) → Ext1(nS (1)
n{i+1−j}, nS
(j−1)
i )→ 0 .
In this case, by Serre duality Ext1(nS (1)
n{i+1−j},L
⊗ j−1−i
n ) ≃ H0(Xn, nS (1)1 )∨ ≃ k, we get
Hom(nS (1)
n{i+1−j}, nS
(j−1)
i ) = 0 , Ext
1(nS (1)
n{i+1−j}, nS
(j−1)
i ) ≃ k .
Thus we get
1
nS (1)n{i+1−j}
1
nS (j−1)i
= υ−1
(
1
nS (j)i
+ 1
nS (1)n{i+1−j}⊕nS
(j−1)
i
)
,
1
nS (j−1)i
1
nS (1)n{i+1−j}
= 1
nS (1)n{i+1−j}⊕nS
(j−1)
i
.

By using similar arguments as in the proof above, one can also prove the following lemma.
Lemma A.2. Let 0 ≤ j ≤ n− 1 and m ∈ Z>0. Then
1
nS (mn+j)j
=
1nS (mn)n if j = 0 ,1
nS (j)j
1
nS (mn)j
− υ−2 1
nS (mn)j
1
nS (j)j
otherwise .
Lemma A.3. Let 1 ≤ i ≤ n and d ∈ Z. Then
1
nSi n1
ss
1, d = υ
δn{(i+d−1)/n},0−δn{(i+d)/n},0
n1
ss
1, d 1nSi + δn{(i+d)/n},0υ
−1
n1
ss
1, d+1 .
Proof. Let M be a line bundle on X and 1 ≤ k ≤ n an integer. First compute 1
nSk 1π∗nM. Note that
〈nSk,π∗nM〉 = 〈nSk,OXn + deg(M) δn〉 = −δk,n ,
〈π∗nM, nSk〉 = 〈OXn + deg(M) δn, nSk〉 = δk,1 .
In addition,
Hom(nSk,π∗nM) ≃ Ext1(π∗nM, nSk ⊗ ωXn)∨ = 0
Ext1(π∗nM, nSk) = 0 .
Hence,
1π∗nM 1nSk = υ
δk,1 1
nSk⊕π∗nM ,
1
nSk 1π∗nM =
{
υ−1
(
1
nSk⊕π∗nM + 1π∗nM⊗Ln
)
for k = n ,
υ 2δk,1 1
nSk⊕π∗nM otherwise .
Thus
1nSk 1π∗nM = υ
δk,1−δk,n 1π∗nM 1nSk + δk,n υ
−1 1π∗nM⊗Ln
= υδn{k/n},1−δn{k/n},0 1π∗nM 1nSk + δn{k/n},0 υ
−1 1π∗nM⊗Ln .
Now,
1nSi n1
ss
1, d = 1nSi ∑
M∈Pic(X)
deg(M)=n⌊d⌋
1
π∗nM⊗L⊗ n{d}n = ∑
M∈Pic(X)
deg(M)=n⌊d⌋
1nSi 1π∗nM⊗L⊗ n{d}n
= ∑
M∈Pic(X)
deg(M)=n⌊d⌋
Tn
{d}
n
(
1
nSi+n{d} 1π∗nM
)
= ∑
M∈Pic(X)
deg(M)=n⌊d⌋
Tn
{d}
n
(
υδn{i+d},1−δn{i+d},0 1π∗nM 1nSi+n{d} + δn{i+d},0 υ
−1 1π∗nM⊗Ln
)
,
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and we get the assertion. 
Thanks to the previous lemmas, we can provide a characterization of the commutation rela-
tions between the 1
nS (j)i
’s and the n1
ss
1, d’s.
Proposition A.4. Let 1 ≤ i ≤ n and 1 ≤ j ≤ n− 1 be integers, let d ∈ Z. Then
1
nS (j)i
n1
ss
1, d =
υ−1 n1ss1, d 1nS (j)i
+ υ−1 n1ss1, d+j if n{i+ d} = 0 ,
n1
ss
1, d 1nS (j)i
if n{i+ d} > j and n{i+ d} 6= 0 ,
υ n1
ss
1, d 1nS (j)i
if n{i+ d} = j and n{i+ d} 6= 0 ,
n1
ss
1, d 1nS (j)i
+ (υ− υ−1) n1ss1, n⌊d⌋n+j−n{i+d} 1nS (n{i+d})n{i+d}
if n{i+ d} < j and n{i+ d} 6= 0 .
Proof. First, let us assume that d = αn for some α ∈ Z and let k ∈ {1, . . . , n}. Then the statement
reduces to
1
nS (j)k
n1
ss
1, αn =

υ−1 n1ss1, αn 1
nS (j)k
+ υ−1 n1ss1, αn+j if k = n ,
n1
ss
1, αn 1
nS (j)k
if n− 1 ≥ k > j ,
υ n1
ss
1, αn 1
nS (j)k
if k = j ,
n1
ss
1, αn 1
nS (j)k
+ (υ− υ−1) n1ss1, αn+j−k 1nS (k)k if k < j .
Assume that it is true for all j′ < j and let us prove it for j, by using Lemmas A.1 and A.3. For
n− 1 ≥ k > j, we have
1
nS (j)k
n1
ss
1, αn =
(
υ 1
nS (1)n{k+1−j}
1
nS (j−1)k
− 1
nS (j−1)k
1
nS (1)n{k+1−j}
)
n1
ss
1, αn
= υ 1
nS (1)n{k+1−j}
n1
ss
1, αn 1
nS (j−1)k
− 1
nS (j−1)k
(
n1
ss
1, αn 1
nS (1)n{k+1−j}
)
= n1
ss
1, αn 1
nS (j)k
.
For k = n and j > 1, we get
1
nS (j)k
n1
ss
1, αn =
(
υ 1
nS (1)n−j+1
1
nS (j−1)n
− 1
nS (j−1)n
1
nS (1)n−j+1
)
n1
ss
1, αn
= υ 1
nS (1)n−j+1
(
υ−1 1ss1, αn 1
nS (j−1)n
+ υ−1 1ss1, αn+j−1
)
− 1
nS (j−1)n
(
n1
ss
1, αn 1
nS (1)n−j+1
)
= υ−1 n1ss1, αn 1
nS (j)n
+ T
j−1
n
(
1
nS (1)n n
1ss1, αn
)
− υ−1 n1ss1, αn+j−1 1
nS (1)n−j+1
= υ−1 n1ss1, αn 1
nS (j)k
+ υ−1 n1ss1, αn+j .
For j = k+ 1, we obtain
1
nS (j)k
n1
ss
1, αn =
(
υ 1
nS (1)n 1nS (k)k
− 1
nS (k)k
1
nS (1)n
)
n1
ss
1, αn
=υ 1
nS (1)n
(
υ n1
ss
1, αn 1
nS (k)k
)
− 1
nS (k)k
(
υ−1 n1ss1, αn 1
nS (1)n + υ
−1
n1
ss
1, αn+1
)
=
(
υ−1 n1ss1, αn 1
nS (1)n + υ
−1
n1
ss
1, αn+1
)
1
nS (k)k
− n1ss1, αn 1
nS (k)k
1
nS (1)n
− υ−1 Tn
(
1
nS (k)k+1
n1
ss
1, αn
)
= n1
ss
1, αn 1
nS (j)k
+ (υ− υ−1) n1ss1, αn+1 1
nS (k)k
,
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while for k < j− 1, one has
1
nS (j)k
n1
ss
1, αn =
(
υ 1
nS (1)n+k+1−j
1
nS (j−1)k
− 1
nS (j−1)k
1
nS (1)n+k+1−j
)
n1
ss
1, αn
=υ 1
nS (1)n+k+1−j
(
n1
ss
1, αn 1
nS (j−1)k
+ (υ− υ−1) n1ss1, αn+j−1−k 1
nS (k)k
)
− 1
nS (j−1)k
n1
ss
1, αn 1
nS (1)n+k+1−j
= n1
ss
1, αn 1
nS (j)k
+ (υ− υ−1) n1ss1, αn+j−k 1
nS (k)k
+ (υ− υ−1) n1ss1, αn+j−1−k
(
1
nS (1)n+k+1−j
1
nS (k)k
− 1
nS (k)k
1
nS (1)n+k+1−j
)
.
Because of the assumptions on j and since j− 1 > k, we have
1
nS (1)n+k+1−j
1
nS (k)k
= 1
nS (k)k
1
nS (1)n+k+1−j
,
hence we get the result. The case k = j is straightforward.
Finally, the assertion follows from the fact that
1
nS (j)k
n1
ss
1, d = 1
nS (j)k
n1
ss
1, αn+β = T
β
n
(
1
nS (j)k+β
n1
ss
1, αn
)
for d ∈ Z such that d = αn+ β, with α, β ∈ Z and 0 ≤ β ≤ n− 1. 
Corollary A.5. Let 1 ≤ i ≤ n and 1 ≤ j ≤ n− 1 be integers, let d ∈ Z. Then
ωn
(
1
nS (j)i
n1
ss
1, d
)
=
{
υ−1 n1ss1, d+j if n{i+ d} = 0 ,
0 otherwise .
Lemma A.6. Let 1 ≤ i ≤ n and m 6= 0 be integers and d ∈ Z. Then
ωn
(
1
nS (mn)i n
1ss1, d
)
=
{
υ−m n1ss1, d+mn if n{i+ d} = 0 ,
0 otherwise .
Proof. Let M be a line bundle on X. Let us first compute 1
nS (mn)i
1π∗nM. By definition
1
nS (mn)i
1π∗nM = υ
〈[nS (mn)i ],[π∗nM]〉 ∑
E
PE
nS (m)i ,π∗nM
a(nS (mn)i )a(π∗nM)
1E ,
wherewe denote by PFE1,E2 the cardinality of the set of short exact sequences 0→ E2 → F → E1 →
0 for any fixed triple of coherent sheaves F , E1, E2; by a(E ) the cardinality of the automorphism
group of a coherent sheaf E . Now, 〈[nS (mn)i ], [π∗nM]〉 = −m,
PE
nS (mn)i ,π∗nM
a(π∗nM)
=
{
#Homsurj(OXn , nS (mn)n ) = qm − qm−1 if i = n ,
0 otherwise ,
and a(nS (mn)n ) = qm − qm−1. Thus, ωn
(
1
nS (mn)i
1π∗nM
)
= υ−m 1π∗nM⊗L⊗mnn . Therefore
ωn
(
1
nS (mn)i n
1ss1, d
)
= T
β
n
(
ωn
(
1
nS (mn)i+β n
1ss1, αn
))
= T
β
n (1
ss
1, αn+mn)
and we obtain the assertion. Here, α, β ∈ Z, 0 ≤ β ≤ n− 1, are such that d = αn+ β. 
Corollary A.7. Let 1 ≤ i ≤ n− 1 and m be integers and d ∈ Z. Then
ωn
(
1
nS (mn+i)i n
1ss1, d
)
= δ
n{i+d},0 υ
−m−1
n1
ss
1, d+mn+i .
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Definition A.8. Let e ∈ Z≥0. Define
1θ0, e = θ0, e := υ
e ∑
(mx)x
∑x mx deg(x)=e
∏
x∈X
mx 6=0
(1− υ−2 deg(x)) 1
T
(mx)
x
,
nθ0, e :=
Ωn
(
θ0, e/n
)
for n{e} = 0 ,
υ n⌊e⌋+1 ∑
(mx)x
∑x mx deg(x)=n⌊e⌋
∏
x∈X\{p}
mx 6=0
(1− υ−2 deg(x)) 1T (mx)x (1− υ
−2) 1
nS (mpn+n{e})n{e}
otherwise .
⊘
Remark A.9. Note that the definition of θ0,e as above agrees with the definition in (4.7). △
Proposition A.10. Let d ∈ Z. Then
ωn
(
∑
e∈Z≥0
nθ0, e n1
ss
1, d
)
= ∑
α∈Z≥0
ξ
(d)
α n1
ss
1, d+α ,
where
ξ
(d)
α :=

ξα/n if n{d} = 0, n{α} = 0 ,
ξ
n⌊α⌋ − q−1ξ◦n⌊α⌋ if n{d} 6= 0, n{α+ d} = 0 ,
ξ◦
n⌊α⌋ if n{d} 6= 0, n{α} = 0 ,
0 otherwise .
Here the complex numbers ξs and the complex numbers ξ
◦
s , for s ∈ Z≥0, are given by
ξs := ∑
(mx)x∈X,mx∈Z≥0
∑x mx deg(x)=s
∏
x∈X
mx 6=0
(
1− υ−2 deg(x)
)
and ξ◦s := ∑
(mx)x∈X,mx∈Z≥0
mp=0,∑x mx deg(x)=s
∏
x∈X
mx 6=0
(
1− υ−2 deg(x)
)
.
Proof. Let us first observe that
ωn
(
∑
e∈Z≥0
nθ0, e n1
ss
1, d
)
= ωn
((
∑
s≥0
υ s ∑
(mx)x
mp=0 , ∑x mx deg(x)=s
∏
x∈X\{p}
mx 6=0
(1− υ−2 deg(x)) 1T (mx)x
)
×
(
1+ ∑
t≥1
υ n⌊t⌋+1−δn{t},0 (1− υ−2) 1
nS (t)n{t}
)
n1
ss
1, d
))
.
By applying Corollary A.7, the above quantity is equal to
ωn
((
∑
s≥0
υ s ∑
(mx)x
mp=0 , ∑x mx deg(x)=s
∏
x∈X\{p}
mx 6=0
(1− υ−2 deg(x)) 1T (mx)x
)
× (n1ss1, d + (1− υ−2) ∑
t≥1
δ
n{d+t},0 n1
ss
1, d+t
))
.
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Recall that ωn
(
1T (mx)x n
1ss1, d
)
= υ−mx deg(x) n1ss1, d+mx deg(x)n we get the assertion with
ξ
(d)
α :=

ξ◦
n⌊α⌋ + (1− υ−2)
n⌊α⌋−1
∑
β=0
ξ◦β if n{d} = 0, n{α} = 0 ,
(1− υ−2)
n⌊α⌋
∑
β=0
ξ◦β if n{d} 6= 0, n{α+ d} = 0 ,
ξ◦
n⌊α⌋ if n{d} 6= 0, n{α} = 0 ,
0 otherwise .
The proposition follows by osserving that
ξ◦m + (1− υ−2)
m−1
∑
β=0
ξ◦β = ξm .

Corollary A.11 (See [SV12, Corollary 1.4]). As a series in C[[z]], we have
∑
e≥0
ξe z
e =
ζX(z)
ζX(υ−2 z)
,
where ζX(z) is the zeta function of X.
Corollary A.12 ([Lin14, Lemma 3.14]). As a series in C[[z]], we have
∑
e≥0
ξ◦e ze =
ζX\{p}(z)
ζX\{p}(υ−2 z)
=
ζX(z)
ζX(υ−2 z)
1− z
1− υ−2 z ,
where ζX(z) and ζX\{p}(z) are the zeta functions of X and X \ {p} respectively.
We conclude this section, by computing the coproduct of the n1
ss
1, d’s: this is a key result to
compute the shuffle algebra presentation of U>n in the main body of the paper.
Proposition A.13. Let d ∈ Z. Then
∆˜
(
n1
ss
1, d
)
= n1
ss
1, d ⊗ 1+ ∑
e∈Z≥0
T n
{d}
n
(
nθ0, e
)
k(1, d−e)⊗ n1ss1, d−e .
Proof. Set k := n⌊d⌋ and i := n{d}. Then
∆˜
(
n1
ss
1, kn+i
)
= ∆˜
(
∑
M∈Pic(X)
deg(M)=k
1
π∗nM⊗L⊗ in
)
,
and
∆˜
(
1
π∗nM⊗L⊗ in
)
= ∑
E1,E2
υ〈E1,E2〉 Pπ
∗
nM⊗L⊗ in
E1,E2
a(E1)a(E2)
a(π∗nM⊗L⊗ in )
1E1 k(rk(E2),deg(E2)) ⊗ 1E2
= ∑
E1≃π∗nM⊗L⊗ in
1E1 ⊗ 1
+ ∑
rk(E1)=0,E2≃π∗nN⊗L⊗ sn
υ〈E1,E2〉 Pπ
∗
nM⊗L⊗ in
E1,E2
a(E1)a(E2)
a(π∗nM⊗L⊗ in )
1E1 k(1,deg(N)n+s)⊗ 1E2 .
Note that
∑
rk(E1)=0,E2≃π∗nN⊗L⊗ sn
υ〈E1,E2〉 Pπ
∗
nM⊗L⊗ in
E1,E2
a(E1)a(E2)
a(π∗nM⊗L⊗ in )
1E1 k(1,deg(N)n+s)⊗ 1E2 =
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∑
rk(F1)=0,F2≃π∗nL⊗L⊗ ℓn
υ〈F1,F2〉 POXnF1,F2 a(F1)1F1⊗π∗nM⊗L⊗ in k(1, deg(L)n+ℓ+kn+i)⊗ 1F2⊗π∗nM⊗L⊗ in .
Now, F1 is a torsion sheaf which is a quotient of OXn , hence it can be only of the form
F1 ≃
⊕
x∈X\{p}
T (mx)x ⊕ nS (mp n+j)j (A.2)
for some mx ∈ Z≥0, with x ∈ X, and some j ∈ {0, . . . , n − 1}. Here we formally set T (0)x =
nS (0)n = 0. Moreover, since OXn = F1 + F2, we get
deg(L) = − ∑
x∈X
mx deg(x)− 1+ δn{j},0 ,
ℓ = n{−j} .
In particular, 〈F1,F2〉 = deg(L).
Moreover, P
OXn
F1,F2 a(F1) is equal to the cardinality of Hom
surj(OXn ,F1). Since a morphism
OXn → F1 is surjective if and only if all its components, with respect to the decomposition (A.2)
of F1 are surjective, we need to compute the cardinalities of the space of surjective morphisms
from OXn to each factor in (A.2). By using the exactness of the functor πn∗ and the computations
of [Sch12, Example 4.12] we have for mx,mp, j 6= 0
#Homsurj(OXn , T (mx)x ) = #Homsurj(OX, T(mx)x ) = qmx deg(x)− q(mx−1) deg(x) ,
#Homsurj(OXn , nS
(mp n)
n ) = #Hom
surj(OX, T(mp)p ) = qmp − qmp−1 ,
#Homsurj(OXn ,S
(mp n+j)
j ) = #Hom
surj(OX, T(mp+1)p ) = qmp+1 − qmp .
Summarizing, we get
∑
rk(F1)=0,F2≃π∗nL⊗L⊗ ℓn
υ〈F1,F2〉 POXnF1,F2 a(F1)1F1⊗π∗nM⊗L⊗ in k(1, deg(L)n+ℓ+kn+i)⊗ 1F2⊗π∗nM⊗L⊗ in
= ∑
F1≃
⊕
x∈X π∗nT
(mx)
x
F2≃π∗nL
υ−∑x mx deg(x) ∏
x∈X
mx 6=0
(
qmx deg(x) − q(mx−1) deg(x))
× 1
π∗nT
(mx)
x
k(1, d−∑x mx deg(x))⊗ 1π∗nL⊗π∗nM⊗L⊗ in
+
n−1
∑
j=1
∑
F1≃
⊕
x∈X\{p} T
(mx)
x ⊕nS
(mp n+j)
j
F2≃π∗nL⊗L
⊗ n−j
n
υ−∑x mx deg(x)−1 ∏
x∈X\{p}
mx 6=0
(
qmx deg(x)− q(mx−1) deg(x))
× 1
π∗nT
(mx)
x
q
(
qm − qm−1) T in(1
nS (mpn+j)j
)
k(1, d−∑x mx deg(x)−1+n−j)⊗ 1π∗nL⊗L⊗ n−jn ⊗π∗nM⊗L⊗ in .
Thus, we get the assertion. 
Remark A.14. For n = 1, one recovers the non-stacky curve result (cf. [Sch12, Example 4.12])
∆˜(1ss1, d) = 1
ss
1, d ⊗ 1+ ∑
e≥0
θ0, ek(1, d−e)⊗ 1ss1, d−e .
△
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APPENDIX B. Uυ(sl(S1)) FROM MIRROR SYMMETRY
by Tatsuki Kuwagaki12
In the body of this paper, Sala–Schiffmann defined Uυ(sl(S1)) by studying Hall algebras of
coherent sheaves over infinite root stacks. In this note, we give a natural explanation of Sala–
Schiffmann’s description using mirror symmetry.
Acknowledgments. The author thanks Francesco Sala for his intriguing talk at GTM seminar at
IPMU, which motivated this note. The author also thanks Francesco and Olivier Schiffmann for
their kindness to include this note as an appendix of their work. This work was supported by
World Premier International Research Center Initiative (WPI), MEXT, Japan and JSPS KAKENHI
Grant Number JP18K13405.
B.1. Mirror symmetry for P1∞. Let P
1
n be the projective line over C with an n-gerbe at ∞. Hori–
Vafa [HV00] mirror of P1n is given by a Landau–Ginzburg model W = z +
1
zn over C
∗. A tra-
ditional category associated with a Landau–Ginzburg model is Fukaya–Seidel category [Sei01].
Here, however, we will use a different description: the partially wrapped Fukaya category. We
view C∗ as the cotangent bundle T∗S1 of the circle S1 = R/Z. Let p : R → R/Z = S1 be
the quotient map. The Lagrangian skeleton Λn associated with W, is given by the FLTZ skele-
ton [FLTZ11]
Λn := T
∗
S1
S1 ∪ ⋃
k∈Z
T∗,<0
p( kn )
S1
where T∗AS1 is the conormal bundle of A inside S1 and T
∗,<0
x S
1 is the negative part of the cotan-
gent fiber at x. We would like to consider the Fukaya category associated with Λn. However
there exists a further different description. For a cotangent bundle T∗X, the derived category of
the infinitesimally wrapped Fukaya category is equivalent to the bounded derived category of
R-constructible sheaves over X by Nadler–Zaslow [NZ09, Nad09]: Fuk(T∗X) ∼= Shc(X). Con-
cerning this result, we can use certain subcategory of Shc(S1) as a model for the Fukaya category
associated with Λn (more precise statement about this consideration is known as Kontsevich’s
conjecture. See [Kon, GPS17] for further information).
For a sheaf (or a complex of sheaves) E over amanifold X, Kashiwara–Schapira [KS90] defined
the microsupport SS(E ) ⊂ T∗X. The definition of “certain subcategory” mentioned above is the
full subcategory of Shc(S1) spanned by the objects whose microsupports are contained in Λn.
We denote it by ShcΛn(S
1).
In the below, let us change the base field from C to k := Fq i.e. P1n is defined over Fq and con-
structible sheaves are Fq-valued. Let D(Coh(P1n)) be the bounded derived category of coherent
sheaves. We have the following mirror symmetry result:
Theorem B.1 (cf.[FLTZ11, FLTZ14]). There exists an equivalence
D(Coh(P1n)) ≃ ShcΛn(S1) .
Over C, this mirror symmetry is known as “coherent-constructible correspondence” initi-
ated by Bondal, formulated by Fang–Liu–Treumann–Zaslow, proved in full generality by the
author [Bon06, FLTZ11, Kuw16]. For P1n, the statement over Fq remains true:
Proof of Theorem B.1. There exists a Beilinson collection of D(Coh(P1n)) over Fq [Can06]. By using
the equivalence over C, one can also find the candidate for the exceptional collection on the RHS,
which one can verify that it is indeed so also over Fq. By calculating the endomorphism algebras
of these exceptional collections, one can conclude the equivalence. 
12KAVLI IPMU (WPI), UTIAS, THE UNIVERSITY OF TOKYO, KASHIWA, CHIBA 277-8583, JAPAN.
Email address: tatsuki.kuwagaki@ipmu.jp.
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The forgetfulmorphism P1nm → P1n induces the pull-back functorD(Coh(P1n)) → D(Coh(P1nm)).
On the mirror side, this morphism realized by the inclusion Λn ⊂ Λnm. We set
Λ∞ := T
∗
S1
S1 ∪ ⋃
q∈Q
T∗,<0
p(q)
S1 .
Then we have
Corollary B.2. There exists an equivalence
D(Coh(P1∞)) ≃ ShcΛ∞(S1) .
One can deduce the following corollary easily from the construction of the equivalence above.
Corollary B.3. The abelian category obtained as the essential image of Cohtors(P1∞), the category of
torsion sheaves at ∞13, in Shc(S1) is the full subcategory spanned by finite direct sums of the following
kS
1
J where J is a half-interval of the form (a, b] ⊂ R with a, b ∈ Q and kS
1
J := p!k J .
We denote the category by ShQ
<0(S
1). Below, we use k J for p!k
S1
J if the context is clear. Note
that our intervals are open-closed but not closed-open as in the body of this paper.
B.2. Uυ(sl(S1)) from themirror side. The category Sh
Q
<0(S
1) gives a natural explanation of Sala–
Schiffmann’s description Theorem 6.3 as follows.
We give a direct proof of the following (although one can prove by considering Corollary B.2):
Theorem B.4. Let A be the algebra generated by
{
EJ,K
±
J′
∣∣∣ J, J′ ⊆ S1Q , J 6= S1Q} where J (resp. J′) runs
over all strict rational open-closed intervals (resp. rational open-closed intervals) modulo the relations
appearing in Theorem 6.3. There exists an isomorphism of associative algebras
φ : A → Htw(ShQ
<0(S
1)) .
Proof. We define the morphism by the assignment
EJ 7→ υ1/21k J ,K±1J 7→ k±k J
where 1k J is the characteristic function of k J and k is the indefinite of the group ring Q˜[K
num
0 (Sh
Q
<0(S
1))].
First, we will check the relations in Theorem 6.3 for Htw(ShQ
<0(S
1)).
• (6.1) This is the definition of the product of the twisted Hall algebra; Actually, the descrip-
tion of Euler form given in (1.1) is the Euler form of ShQ
<0(S
1), hence the symmetric one
is the same.
• (6.2) For any pair of disjoint J1, J2 of the form J1 = (a, b] and J2 = (b, c] with a 6= c and
J1 ∪ J2 is again a proper interval in S1Q , we have an exact sequence
0→ k(b,c] → k(a,c] → k(a,b] → 0 .
In the Grothendieck group, this gives the desired relation kJ1∪J2 = kJ1 + kJ2 .
• (6.3) Suppose the same assumption on J1, J2 as above. The Hall product is
υ1/21k J1
· υ1/21k J2 = υ(υ
−11k J1∪ J2 + υ
−11k J1+k J2 ) ,
υ1/21k J2
· υ1/21k J1 = v1k J1+k J2 .
Hence we have
υ1/2(υ1/21k J1
· υ1/21k J2 )− υ
−1/2(υ1/21k J2 · υ
1/21k J1
) = υ1/21k J1∪ J2
.
13In the main body of the paper, this category is denoted as Cohp∞ (P
1
∞), with p = ∞ ∈ P1.
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• (6.4) For any J1, J2 such that J1 ∩ J2 = ∅. there are no nontrivial extensions k J1 and k J2 .
This implies that theHall product is 1k J1
· 1k J2 = 1k J1⊕k J2 = 1k J2 · 1k J1 . Hence [1k J1 , 1k J2 ] = 0.
• (6.5) Let J1 = (a, b] ( J2 = (c, d]. First assume that b 6= d. There are no nontrivial Hom
and Ext between k J1 and k J2 . The relation (6.5) is trivial. Next we assume that b = d, then
there exists exists 1-dimensional hom-space Hom(k J1 , k J2). Hence we have
υ〈k J1 ,k J2〉υ1k J1 · 1k J2 = υ
−1vv1k J1+k J2 = υ1k J1+k J2 ,
υ〈k J2 ,k J1〉υ1k J2 · 1k J1 = υ1k J1+k J2 .
Since
〈
k J1 , k J2
〉
=
〈
χJ1 , χJ2
〉
where the intervals are interpreted as closed-open intervals
on the RHS, we get (6.5) for this case. Similarly, one can prove the case of b = d.
It is obvious that the morphism φ is surjective. One can follow the argument for the injectivity of
Theorem 6.3. 
We can readapt the definitions of the coproduct (6.7) and of the Green pairing (6.8) in our
setting endowing Htw(ShQ
<0(S
1)) with the structure of a topological Q˜-Hopf algebra. By passing
to the reduced Drinfeld double, we obtain the following.
Corollary B.5. We have an isomorphism
Uυ(sl(S
1
Q))
∼= D(Htw(ShQ<0(S1))) .
In the above argument, the rationality of S1
Q
is not essential. We set
ΛR := T
∗
S1
S1 ∪ ⋃
q∈R
T∗,<0
p(q)
S1 .
Let ShR<0(S
1) be the abelian full subcategory of ShcΛR(S
1) spanned by finite direct sums of ele-
ments k J , where J is an open-closed interval of the form (a, b] ⊂ R and k J := p!k J by abuse of
notation.
Theorem B.6. Let A be the algebra generated by
{
EJ ,K
±
J′
∣∣∣ J, J′ ⊆ S1 , J 6= S1} where J (resp. J′) runs
over all strict open-closed intervals (resp. open-closed intervals) modulo the relations appearing in Theo-
rem 6.3. There exists an isomorphism
φ : A → Htw(ShR<0(S1)) .
Proof. We define the morphism by the assignment
EJ 7→ υ1/21k J ,K±1J 7→ k±k J .
One can prove that this is a homomorphism by the same argument as in the proof of Theorem
B.4. The surjectivity is obvious.
For the injectivity, we follow the argument of Theorem 6.3. Let P ⊂ S1 be a finite subset. Let
us consider the subalgebra AP ⊂ A generated by FJ ,K±1J for J ends in P. Since AP ∼= A|P| in
the proof of Theorem 6.3, the restriction φ|AP is injective. Since
⋃
PAP = A, we complete the
proof. 
As before, we can suitably define a coproduct and a Green pairing giving rise to the structure
of a topological Q˜-Hopf algebra on Htw(ShR<0(S
1)). By taking the reduced Drinfeld double, we
obtain.
Corollary B.7. We have an isomorphism
Uυ(sl(S
1)) ∼= D(Htw(ShR<0(S1))) .
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B.3. Fundamental representation. Along with Sala–Schiffmann’s definition for Uυ(sl(S1Q)), the
fundamental representation of Uυ(sl(S1)) is defined by the Q˜-vector space, VS1 :=
⊕
y∈R Q˜~uy
with action given by
F(a,b] •~uy := δ{b+y},0υ1/2~uy+b−a ,
E(a,b] •~uy := δ{a+y},0υ−1/2~uy+a−b ,
K±
(a,b]
•~uy := υ±(δ{b+y},0−δ{a+y},0)~uy .
(B.1)
Next we define U>∞[r]. Let us set
1ssx := 1p!k[0,x] if x ≥ 0 ,
1ssx := 1p!k(x,0)[1] if x < 0 ,
for x ∈ R. Let U>∞ be the Hall algebra generated by 1ssx ’s. Let us denote by U>∞[r] the linear span
of products of r generators 1ssx . We call the number r the rank.
The following is an analog of Sala–Schiffmann’s result:
Theorem B.8. The natural Hecke action of Uυ(sl(S1)) on U>∞[1] is isomorphic to VS1 , after applying
the automorphism (6.12).
Proof. There exists a basis {1ssx }x∈R of U>∞[1]. This gives a natural identification with VS1 as vec-
tor spaces by ~uy 7→ 1ss−y. The second and third formulas in (B.1) follow directly by computations.
The first one is followed by the definition of Drinfeld double. 
B.4. The composition Hall algebra of S1. Recall the definition of C1 (cf. Section 4.2.2), which is
generated by
10, d := ∑
T ∈Tor(P1)
deg(T )=d
1T .
In the language of the constructible side, a torsion sheaf corresponds to a finite direct sum of the
following:
(1) k-local system on S1,
(2) p!k[0,n) for some n ∈ Z>0,
(3) p!k(0,n] for some n ∈ Z≥0.
We call such an object a torsion object. For a torsion object E = L⊕⊕Ii=1 p!k[0,ni) ⊕⊕Jj=1 p!k(0,mj],
we set degE := rk L+ ∑Ii=1 ni + ∑
J
j=1mj. Then
1′0, d := ∑
E : torsion
deg(E)=d
1E .
is the mirror of 10,d.
Sala–SchiffmanndefinedU0∞ as the subalgebra ofH
tw
∞ (X) generated byC∞ = U
+
υ (sl(S
1
Q
)) and
the pull-back of C. By imitating this definition, we obtain:
Definition B.9. The composition Hall algebra U0
R
is an algebra generated by Htw(ShQ
<0(S
1)) and
{1′0, d}d≤0. ⊘
B.5. Other Dynkin types. In this section, we treat other Dynkin types: An,Dn, Dˆn.
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B.5.1. An. Set I = [0, 1]. Consider the Lagrangian
ΛAn := T
∗
I I ∪
n⋃
i=0
T∗,<0i/n I
and the category of constructible sheaves microsupported on ShcΛAn
(I). The full subcategory
ShΛAn (I) consisting of constant sheaves supported on open-closed intervals of the forms like
(i/n, j/n] forms an abelian category and is equivalent to the category of representations of the
quiver An. The reduced Drinfeld double of the twisted Hall algebra of ShΛAn (I) is isomorphic to
the quantum group Uυ(sl(n+ 1)) of type An.
We define two subsets:
ΛAQ := T
∗
I I ∪
⋃
a∈I∩Q
T∗,<0a I
ΛAR := T
∗
I I ∪
⋃
a∈I
T∗,<0a I
Then one can define the full subcategory ShΛAQ
(I) (resp. ShΛAR
(I)) consisting of constant sheaves
supported on open-closed intervals of the forms like (a, b] with a, b ∈ I ∩Q (resp. a, b ∈ I) forms
a finitary abelian category. We define
Uυ(sl(IQ)) := D(H
tw(ShΛAQ
(I))) ,
Uυ(sl(I)) := D(H
tw(ShΛAR
(I))) .
B.5.2. Dn, D̂n. Since one can easily imagine D̂n case from Dn, we only treat the latter one.
Consider the following subset in R2:
I := {(x, 0) | x ∈ [0, 1]} ∪
{
(x, e1/x)
∣∣∣ −1 ≤ x < 0} ∪ {(x,−e1/x) ∣∣∣ −1 ≤ x < 0} . (B.2)
We call the components of this union I1, I2, I3 from left to right.
ΛDn :=
3⋃
i=1
T∗IiR
2 ∪
n−3⋃
i=0
T∗,<0
(i/(n−2),0)R
2
Here T∗,<0
(x,y)
R2 is the subset of T∗
(x,y)
R2 = {(x, y; ξ, η)} (ξ (resp. η) is the cotangent coordinate of x
(resp. y)) defined by ξ < 0.
Note that I1 ∪ I2 and I1 ∪ I3 are smooth curves isomorphic to closed intervals. A closed-open
interval in I is an interval of the form (a, b] of either I1 ∪ I2 or I1 ∪ I3. Let D be the closed disk
with diameter 1 in R2. Let ShΛDn (D) ⊂ ShcΛDn (D) be the full abelian subcategory consisting of
constant sheaves on open-closed intervals. One can easily see that this abelian category is equiv-
alent to the category of representations of the quiver Dn. Hence the reduced Drinfeld double of
the twisted Hall algebra of ShΛDn (D) is isomorphic to the quantum group of type Dn.
We define two isotropic sets:
ΛDQ :=
3⋃
i=1
T∗IiR
2 ∪ ⋃
a∈I1∩Q
T∗,<0a R2 ,
ΛDR :=
3⋃
i=1
T∗IiR
2 ∪ ⋃
a∈I1
T∗,<0a R2 .
Then one can define the full subcategory ShΛDQ
(D) (resp. ShΛDR
(D)) consisting of constant
sheaves supported on closed-open intervals with their ends in ΛDQ (resp, ΛDR ) forms a finitary
abelian category. We define
Uυ(so(2IQ)) := D(H
tw(ShΛDQ
(D)))
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Uυ(so(2I)) := D(H
tw(ShΛDR
(D))) .
To make things more explicit, let us write up the Euler forms here. There are three new situations
which did not appear in An-case. Let a, b ∈ (0, 1].
Case (T):
H• RHom(kI2\{0}∪[0,a), kI3\{0}) ≃ 0 and H• RHom(kI3\{0}, kI2∪[0,a)) ≃ k[−1] .
Case (Y):
H• RHom(kI2\{0}∪[0,a), kI3\{0}∪[0,b)) ≃
{
k if a > b ,
0 otherwise .
Case (V):
H• RHom(kI2\{0}, kI3\{0}) ≃ 0 .
Remark B.10. One can also consider the subset (B.2) of R2 with the opposite orientation. In such
a case the formulas above may be rewritten as follows :
Case (T’):
H•RHom(kI2\{0}∪[0,a), kI3) ≃ k[−1] and H•RHom(kI3 , kI2∪[0,a)) ≃ 0 .
Case (Y’):
H•RHom(kI2\{0}∪[0,a), kI3\{0}∪[0,b)) ≃
{
k if a > b ,
0 otherwise .
Case (V’):
H•RHom(kI2 , kI3) ≃ 0 .
△
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